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ON THE DYNAMICS OF MINIMAL HOMEOMORPHISMS OF T2
WHICH ARE NOT PSEUDO-ROTATIONS
ALEJANDRO KOCSARD
Abstract. We prove that any minimal 2-torus homeomorphism which is iso-
topic to the identity and whose rotation set is not just a point exhibits uni-
formly bounded rotational deviations on the perpendicular direction to the
rotation set. As a consequence of this, we show that any such homeomorphism
is topologically mixing and we prove Franks-Misiurewicz conjecture under the
assumption of minimality.
1. Introduction
The study of the dynamics of orientation preserving circle homeomorphisms
has a long and well established history that started with the celebrated work of
Poincare´ [Poi80]. If f : T “ R{Z ý denotes such a homeomorphism and f˜ : R ý
is a lift of f to the universal cover, he showed there exists a unique ρ P R, the so
called rotation number of f˜ , such that
f˜npzq ´ z
n
Ñ ρ, as nÑ 8, @z P R,
where the convergence is uniform in z. Moreover, in this case a stronger (and very
useful, indeed) condition holds: every orbit exhibits uniformly bounded rotational
deviations, i.e.
∣
∣f˜npzq ´ z ´ nρ
∣
∣ ď 1, @n P Z, @z P R.
In this setting, the homeomorphism f has no periodic orbit if and only if the ro-
tation number is irrational; and any minimal circle homeomorphism is topologically
conjugate to a rigid irrational rotation.
However, in higher dimensions the situation dramatically changes. If f : Td “
Rd{Zd ý is a homeomorphism homotopic to the identity and f˜ : Rd ý is a lift of
f , then one can define its rotation set by
ρpf˜q :“
"
ρ P Rd : Dnk Ò `8, zk P R
d, ρ “ lim
kÑ`8
f˜nkpzkq ´ zk
nk
*
.
This set is always compact and connected, and as we mentioned above, it reduces
to a point when d “ 1. But for d ě 2 some examples with larger rotation sets can
be easily constructed.
In the two-dimensional case, which is the main scenario of this work, Misiurewicz
and Ziemian showed in [MZ89] that the rotation set is not just connected but
convex. So, when d “ 2 all torus homeomorphisms of the identity isotopy class can
be classified according to the geometry of their rotation sets: they can either have
non-empty interior, or be a non-degenerate line segment, or be just a point. In the
last case, such a homeomorphism is called a pseudo-rotation.
Regarding the boundedness of rotational deviations, this property has been
shown to be very desirable in the study of the dynamics of pseudo-rotations (see
for instance the works of Ja¨ger and collaborators [J0¨9a, J0¨9b, JT17]). However, it
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has been proved in [KK09] and [KT14a] that, in general, pseudo-rotations does not
exhibit bounded rotational deviations in any direction of R2, i.e. it can hold
sup
zPR2,nPZ
@
f˜npzq ´ z ´ nρpf˜q, v
D
“ `8, @v P S1.
When ρpf˜q is a (non-degenerate) line segment, of course there exist points with
different rotation vectors, so we cannot expect to have any boundedness at all
for rotational deviations on the plane. However, in such a case there exists a
unit vector v P S1 and a real number α such that ρpf˜q is contained in the line
tz P R2 : xz, vy “ αu, so one can analyze the boundedness of rotational v-deviations,
i.e. whether there exist constants Mpzq P R such that
∣
∣
@
f˜npzq ´ z ´ nρpf˜q, v
D∣
∣ ďMpzq, @n P Z,
and whether there exists a uniform constant for every z P R2.
Unlike the case of pseudo-rotations, when ρpf˜q is a non-degenerate line segment
in general it is expected to have uniformly bounded rotational v-deviations. This
result has been already proved by Da´valos [Da´v16] in the case ρpf˜q has rational
slope and intersects Q2, extending a previous result of Guelman, Koropecki and
Tal [GKT14]. In those works periodic orbits of f play a key role.
However, the situation is considerably subtler when dealing with periodic point
free homeomorphisms. So far there did not exist any a priori boundedness of ro-
tational deviations of torus homeomorphisms which are not pseudo-rotations and
with no periodic points. In fact, it had been conjectured that any periodic point
free homeomorphism should be a pseudo-rotation. More precisely, Franks and Mi-
siurewicz had proposed in [FM90] the following
Conjecture 1.1 (Franks-Misiurewicz Conjecture). Let f : T2 ý be a homeomor-
phism homotopic to the identity and f˜ : R2 ý be a lift of f such that ρpf˜q is a
non-degenerate line segment.
Then, the following dichotomy holds:
(i) either ρpf˜q has irrational slope and one of its extreme points belongs to Q2;
(ii) or ρpf˜q has rational slope and contains infinitely many rational points.
Recently Avila has announced the existence of a minimal smooth diffeomorphism
whose rotation set is an irrational slope segment containing no rational point, pro-
viding in this way a counter-example to the first case of Franks-Misiurewicz Con-
jecture. On the other hand, Le Calvez and Tal have proved in [LCT18] that if ρpf˜q
has irrational slope and contains a rational point, then this point is an extreme one.
The second case of the Conjecture 1.1 remains open, i.e. whether there exists a
homeomorphism f such that ρpf˜q has rational slope and ρpf˜q X Q2 “ H, and in
fact this is one of the main motivations of our work.
The main result of this paper is the following a priori boundedness for rotational
deviations of minimal homeomorphisms:
Theorem A. Let f : T2 ý be a minimal homeomorphism homotopic to the identity
which is not a pseudo-rotation. Then there exists a unit vector v P R2 and a real
number M ą 0 such that for any lift f˜ : R2 ý, there is α P R so that
(1)
∣
∣
@
f˜npzq ´ z, v
D
´ nα
∣
∣ ďM, @z P R2, @n P Z.
As a consequence of Theorem A and a recent result due to Koropecki, Passeggi
and Sambarino [KPS16], we get a proof of the second case of Franks-Misiurewicz
Conjecture (Conjecture 1.1) under minimality assumption. More precisely we get
the following:
Theorem B. There is no minimal homeomorphism of T2 in the identity isotopy
class such that its rotation set is a non-degenerate rational slope segment.
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As a consequence of Theorem B, some results of [KPR17] and a recent gener-
alization of a theorem of Kwapisz [Kwa02] due to Beguin, Crovisier and Le Roux
[BCLR17], we have the following
Theorem C. If f : T2 ý is a minimal homeomorphism homotopic to the identity
and is not a pseudo-rotation, then f is topologically mixing.
Moreover, in such a case the rotation set of f is a non-degenerate irrational slope
line segment and its supporting line does not contain any point of Q2.
1.1. Strategy of the proof Theorem A. In rough words the strategy of the
proof of Theorem A consists in defining four different families of closed subsets of
the plane. Then, assuming f does not exhibit uniformly bounded v-deviations (i.e.
condition (1) does not hold), we show that any pair of those sets belonging to two
different families are necessarily disjoint, and finally, we get a contradiction showing
that the geometry of those closed subsets of the plane is not compatible with their
disjointedness.
More precisely, in §5 we start defining the “upper” and “lower” families of those
closed sets, which are defined as the union of unbounded connected components
of the maximal f˜ -invariant set contained in upper and lower semi-planes of R2,
respectively. Those sets are called stable sets at infinite with respect to a transverse
direction because to defined them, we assume the rotation set is not horizontal. In
Theorem 5.1 we establish the main properties of these sets, showing in particular
that any upper and any lower set are disjoint (property (iii)). Then, Theorem 5.5
plays a key role in the proof of Theorem A. In fact, it claims that under the absence
of uniformly bounded v-deviations any connected unbounded subset of any stable
sets at infinity with respect to a transverse direction has arbitrary large horizontal
oscillations in both directions. To prove this, we invoke the abstract ergodic results
of §3.
Then, in §6 we define the second pair of families of closed sets, which could
be called “left”and “right” families, which are defined in a similar way to what we
did in §5, but in this case with respect to the parallel direction of the rotation set.
Unfortunately, these left and right families cannot be just defined as f˜ -invariant set,
but as invariant sets of the induced fiber-wise Hamiltonian skew-product, which is
defined in §6.1. Those sets are called stable sets at infinity with respect to the parallel
direction.
Reasoning by contradiction, this is assuming (1) does not hold, we use these
stable sets with respect to the parallel direction to show in Theorem 6.7 that such
a homeomorphism exhibits a rather strong form of topologically mixing, called
spreading. In the proof of this result, Theorem 4.7, which is an elementary but
rather surprising result about rotational deviations of minimal homeomorphisms,
plays a fundamental role.
Finally, always assuming f does not exhibit uniformly bounded v-deviations and
as a consequence of Theorem 5.5, in §7 we show that stable sets at infinite with
respect to the transverse and parallel directions are always disjoint (see Proposi-
tion 7.1); and one easily gets a contradiction from there.
Acknowledgments. I would like to thank Andre´s Koropecki, Patrice Le Calvez,
Fa´bio Tal and Artur Avila for many insightful discussions about this work. I also
thank the anonymous referees for many helpful comments and suggestions.
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2. Preliminaries and notations
2.1. Maps, topological spaces and groups. Given any map f : X ý, we write
Fixpfq for its set of fixed points and Perpfq :“
Ť
ně1 Fixpf
nq for the set of periodic
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ones. If A Ă X denotes an arbitrary subset, we define its positively maximal
f -invariant subset by
I
`
f pAq :“
č
ně0
f´npAq.
When f is bijective, we can also define its maximal f -invariant subset by
(2) If pAq :“ I
`
f pAq XI
`
f´1
pAq “
č
nPZ
fnpAq.
When X is a topological space and A Ă X is any subset, we write intA for the
interior of A and A¯ for its closure. When A is connected, we write ccpX,Aq for
the connected component of X containing A. As usual, π0pXq denotes the set of
connected components of X . When X is connected and A Ă X , we say that A
disconnects X when XzA is not connected. Given two connected sets U, V Ă X ,
we say that A separates U and V when ccpXzA,Uq ‰ ccpXzA, V q.
The space X is said to be a continuum when is compact, connected and non-
trivial, i.e. it is neither empty nor a singleton.
A homeomorphism f : X ý is said to be non-wandering when given any non-
empty open set U Ă X , there exists a positive integer n such that fnpUqXU ‰ H.
We say that f is topologically mixing when for every pair of non-empty open sets
U, V Ă X , there exists N P N such that fnpUq X V ‰ H, for every n ě N .
The homeomorphism f is said to be minimal when it does not exhibit any proper
f -invariant closed set, i.e. that X and H are the only closed f -invariant sets.
If pX, dq is a metric space, the open ball of radius r ą 0 and center at x P X will
be denoted by Brpxq. Given an arbitrary set A Ă X and a point x0 P X , we write
dpx0, Aq :“ inf
yPA
dpx0, yq.
For any ε ą 0, the ε-neighborhood of A is given by
(3) Aε :“ tx P X : dpx,Aq ă εu “
ď
xPA
Bεpxq.
The diameter of A Ă X is defined by diamA :“ supx,yPA dpx, yq and we say A
is unbounded whenever diamA “ `8. Making a slight abuse of notation, we shall
write ccpA,8q to denote the union of the unbounded connected components of A.
The space of (non-empty) compact subsets of X will be denoted by
KpXq :“ tK Ă X : K is non-empty and compactu.
and we endow this space with its Hausdorff distance dH defined by
dHpK1,K2q :“ max
"
max
xPK1
dpx,K2q,max
yPK2
dpy,K1q
*
,
for every K1,K2 P KpXq.
Whenever M1,M2, . . .Mn are n arbitrary sets, we shall use the generic notation
pri : M1 ˆM2 ˆ . . .ˆMn ÑMi to denote the i
th-coordinate projection map.
Finally, when X is a compact topological space, we shall always consider the
vector space of continuous functions C0pX,Rdq endowed with the uniform norm
given by
}φ}C0 :“ max
1ďiďd
max
xPX
∣
∣pri
`
φpxq
˘∣
∣ , @φ P C0pX,Rdq.
2.2. Topological factors and extensions. Let pX, dXq and pY, dY q be two com-
pact metric spaces. We say that a homeomorphism f : X ý is a topological exten-
sion of a homeomorphism g : Y ý when there exists a continuous surjective map
h : X Ñ Y such that h ˝ f “ g ˝ h; and we say g is a topological factor of f .
As usual, when h is a homeomorphism, f and g are said to be topologically
conjugate.
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2.3. Euclidean spaces and tori. We consider Rd endowed with its usual Eu-
clidean structure, which is denoted by x¨, ¨y. We write }v} :“ xv, vy
1{2
for its induced
norm and dpv, wq :“ }v ´ w} for its induced distance function.
The unit pd ´ 1q-sphere is denoted by Sd´1 :“ tv P Rd : }v} “ 1u. For any
v P Rdzt0u and any r P R we define the half-space
(4) Hvr :“
 
z P Rd : xz, vy ą r
(
.
Given any α P Rd, we write Tα for the translation Tα : z ÞÑ z ` α on R
d.
The d-dimensional torus Rd{Zd will be denoted by Td and we write π : Rd Ñ Td
for the canonical quotient projection. We will always consider Td endowed with the
distance
dTdpx, yq :“ min
 
dpx˜, y˜q : x˜ P π´1pxq, y˜ P π´1pyq
(
, @x, y P Td
Given any α P Td, we write Tα for the torus translation Tα : T
d Q z ÞÑ z ` α. A
point α P Rd is said to be totally irrational when Tpipαq is minimal on T
d.
In several places along this paper the symbol “˘” shall have the following mean-
ing: given v P Rd, we write ˘v to denote either the vector v or ´v.
2.3.1. The plane R2. In the particular case of d “ 2, given any v “ pa, bq P R2,
we define vK :“ p´b, aq. For any α P R and any v P S1, we shall use the following
notation for the straight line through the point αv and perpendicular to v:
(5) ℓvα :“ αv ` Rv
K “ tαv ` tvK : t P Ru.
We will also need the following notation for strips on R2: given any v P S1 and
r ă s, we define the strip
(6) Avr,s :“ H
v
rzH
v
s “ tz P R
2 : r ď xz, vy ď su.
A Jordan curve is any subset of R2 which is homeomorphic to S1. A Jordan
domain is any bounded open subset of R2 whose boundary is a Jordan curve.
We shall need the following theorem due to Janiszewski (see for instance, [Kur68,
Chapter X, Theorem 2]):
Theorem 2.1. If X1, X2 Ă S
2 are two continuum such that X1 XX2 is not con-
nected, then X1 YX2 disconnects S
2, i.e. S2zpX1 YX2q is not connected.
2.4. Ergodic theory and cocycles. Given a topological space X , we write BX
to denote its Borel σ-algebra.
The Haar (probability) measure on pTd,BTdq, also called Lebesgue measure, will
be denoted by Lebd. By a slight abuse of notation, we will also write Lebd for the
Lebesgue measure on Rd; and for the sake of simplicity of notation, we shall just
write Leb instead of Leb1.
Given an arbitrary σ-finite measure space pX,B, µq, a map f : pX,Bqý is said
to be non-singular (respect to µ) when it is measurable and, for every B P B, it
holds µpf´1pBqq “ 0 if and only if µpBq “ 0. A non-singular map f : pX,Bq ý is
said to be conservative (respect to µ) when for every B P B such that µpBq ą 0,
there exists n ě 1 satisfying µ
`
B X f´npBq
˘
ą 0.
As usual, we say that a measurable map f : pX,Bqý preserves µ when f‹µ “ µ,
where f‹µpBq :“ µpf
´1pBqq, for every B P B; and f is said to be an automorphism
of pX,B, µq when it is bijective and its inverse is measurable and preserves µ, too.
Given an invertible map f : X ý, a function φ : X Ñ R and any n P Z, one
defines the Birkhoff sum
(7) Snf pφq :“
$’&’%
řn´1
j“0 φ ˝ f
j, if n ě 1;
0, if n “ 0;
´
ř´n
j“1 φ ˝ f
´j , if n ă 0.
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Putting together two classical results of Atkinson [Atk76, Theorem] and Schmidt
[Sch06, Proposition 6], we get the following
Theorem 2.2. Let pX,B, µq be a probability space, f : pX,B, µq ý be an ergodic
automorphism and φ P L1pX,B, µq be a real function such that
ş
X
φdµ “ 0. Then,
the skew-product automorphism F : X ˆ R ý given by
(8) F px, tq :“
`
fpxq, t` φpxq
˘
, @px, tq P X ˆ R,
is conservative with respect to the F -invariant measure µb Leb.
2.5. Groups of homeomorphisms. From now on and until the end of this sec-
tion, M will denote an arbitrary topological manifold. We write HomeopMq for the
group of homeomorphisms from M onto itself. The subgroup formed by those
homeomorphisms which are homotopic to the identity idM will be denoted by
Homeo0pMq.
2.5.1. Torus homeomorphisms and their lifts. The group of lifts of torus homeo-
morphisms which are homotopic to the identity will be denoted byČHomeo0pTdq :“  f˜ P Homeo0pRdq : f˜ ´ idRd P C0pTd,Rdq( .
Notice that in this definition, as it is usually done, we are identifying the elements
of C0pTd,Rdq with those Zd-periodic continuous functions from Rd to itself.
Making some abuse of notation, we also write π : ČHomeo0pTdq Ñ Homeo0pTdq
for the map that associates to each f˜ the only torus homeomorphism πf˜ such that f˜
is a lift of πf˜ . Notice that with our notations, it holds πTα “ Tpipαq P Homeo0pT
dq,
for every α P Rd.
Given any f˜ P ČHomeo0pTdq, we define its displacement function by
(9) ∆f˜ :“ f˜ ´ idRd P C
0pTd,Rdq.
Observe that this function can be naturally considered as a cocycle over f :“ πf˜
because
(10) ∆f˜n “
n´1ÿ
j“0
∆f˜ ˝ f
j, @n ě 1.
For the sake of readability, we shall use the usual notation for cocycles defining
∆
pnq
f˜
:“ ∆f˜n , @n P Z.
The map Rd Q α ÞÑ Tα P ČHomeo0pTdq defines an injective group homomorphism,
and hence, Rd naturally acts on ČHomeo0pTdq by conjugacy. However, since every
element of ČHomeo0pTdq commutes with Tp, for all p P Zd, we conclude Td itself acts
on ČHomeo0pTdq by conjugacy, i.e. the map Ad: Td ˆ ČHomeo0pTdq Ñ ČHomeo0pTdq
given by
(11) Adtpf˜q :“ T
´1
t˜
˝ f˜ ˝ Tt˜, @pt, f˜q P T
d ˆ ČHomeo0pTdq, @t˜ P π´1ptq,
is well-defined.
2.5.2. Invariant measures. We write MpMq for the space of Borel probability mea-
sures on M . A measure µ PMpMq is said to have total support when µpAq ą 0 for
every non-empty open set A ĂM . We say µ is a topological measure if it has total
support and no atoms.
For every µ PMpMq, we consider the group of homeomorphisms
HomeoµpMq :“ tf P HomeopMq : f‹µ “ µu .
Given f P HomeopMq, we write Mpfq :“ tν PMpMq : f‹ν “ νu.
The following classical result is due to Oxtoby and Ulam [OU41]:
MINIMAL HOMEOMORPHISMS OF T
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Theorem 2.3. Let M be a compact topological manifold and µ, ν P MpMq two
topological measures. Then, there exists h P HomeopMq such that h‹µ “ ν.
For the sake of simplicity of notation, on the two-dimensional torus we define the
group of symplectomorphisms (also called area-preserving homeomorphisms) by
SymppT2q :“
 
f P HomeopT2q : Leb2 PMpfq
(
.
It is well known that its connected component containing the identity, which will
be denoted by Symp0pT
2q, coincides with SymppT2q XHomeo0pT
2q. We writeČSymp0pT2q :“ π´1 `Symp0pT2q˘ ă ČHomeo0pT2q.
2.6. Rotation set and rotation vectors. Let f P Homeo0pT
dq be an arbitrary
homeomorphism and f˜ P ČHomeo0pTdq be a lift of f . The rotation set of f˜ is given
by
(12) ρpf˜q :“
č
mě0
ď
něm
$&%∆
pnq
f˜
pzq
n
: z P Rd
,.-.
It can be easily shown that ρpf˜q is non-empty, compact and connected.
When d “ 1, by classical Poincare´ theory of circle homeomorphisms [Poi80] we
know that ρpf˜q reduces to a point, but in general this does not hold in higher
dimensions.
We summarized some elementary facts about rotation sets which are due to
Misiurewicz and Ziemian [MZ89, Proposition 2.1]:
Proposition 2.4. Given any f˜ P ČHomeo0pTdq, the following properties hold:
(i) ρpf˜nq “ nρpf˜q :“ tnρ P Rd : ρ P ρpf˜qu, for any n P Z;
(ii) ρpTp ˝ f˜q “ Tp
`
ρpf˜q
˘
, for any p P Zd.
As a consequence of (ii) of Proposition 2.4, we see that given any f P Homeo0pT
dq
and any lift f˜ : Rd ý of f , we can define
ρpfq :“ πpρpf˜qq Ă Td.
We say that f P Homeo0pT
dq is a pseudo-rotation when ρpfq is a singleton.
By (10) and (12), we see the rotation set is formed by accumulation points of
Birkhoff averages of the displacement function. So given any µ P Mpfq, one can
define its rotation vector by
ρµpf˜q :“
ż
Td
∆f˜ dµ.
Thus, by Birkhoff ergodic theorem we get ρµpf˜q P ρpf˜q, for every f -invariant ergodic
probability measure µ. Moreover, the following holds:
Theorem 2.5 (Theorem 2.4 in [MZ89]). Let f P Homeo0pT
dq and f˜ : Rd ý be a
lift of f . Then, for every extreme point w P ρpf˜q, there exists an ergodic measure
µ PMpfq such that ρµpf˜q “ w. Consequently, it holds
Conv
`
ρpf˜q
˘
“
 
ρνpf˜q : ν PMpπf˜q
(
,
where Convp¨q denotes the convex hull operator.
However, in the two-dimensional case rotation sets are always convex:
Theorem 2.6 (Theorem 3.4 in [MZ89]). For every f˜ P ČHomeo0pT2q, we have
ρpf˜q “
 
ρνpf˜q : ν PM
`
πf˜
˘(
.
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2.7. Hamiltonian homeomorphisms. In the symplectic setting, that is when
f˜ P ČSymp0pT2q, the rotation vector of Leb2 is also called the flux of f˜ and is
usually denoted by Fluxpf˜q :“ ρLeb2pf˜q. In this case, it can be easily shown that
the flux map Flux : ČSymp0pT2q Ñ R2 is indeed a group homomorphism. Since
FluxpTp ˝ f˜q “ TppFluxpf˜qq, @p P Z
2, @f P ČSymp0pT2q
this homomorphism clearly induces a map Symp
0
pT2q Ñ T2 which, by some abuse
of notation, will be denoted by Flux, too.
The kernel of this homomorphism Flux : Symp0pT
2q Ñ T2 is denoted by
HampT2q :“ tf P Symp
0
pT2q : Fluxpfq “ 0u✁ Symp
0
pT2q,
and their elements are called Hamiltonian homeomorphisms.
Analogously, the kernel of Flux : ČSymp
0
pT2q Ñ R2 is denoted byĆHampT2q :“ !f˜ P ČSymp0pT2q : Fluxpf˜q “ 0) .
Remark 2.7. Notice that HampT2q andĆHampT2q can be naturally identified. In fact,
the restriction π
ˇˇČHampT2q : ĆHampT2q Ñ HampT2q is a continuous group isomorphism.
Observe the following short exact sequence splits:
0 ÝÑ HampT2q ãÑ Symp0pT
2q
Flux
ÝÝÝÑ T2 ÝÑ 0.
In fact, the map T2 Q α ÞÑ Tα is a section of Flux, and thus, the group Symp0pT
2q
can be decomposed as a semi-direct product Symp
0
pT2q “ T2˙HampT2q. In other
words, given α, β P T2 and h, g P HampT2q, we have
pTα ˝ hq ˝ pTβ ˝ gq “ Tα`β ˝ pAdβphq ˝ gq ,
where the T2-action Ad is given by (11).
This elementary fact about the group structure of Symp0pT
2q is our main in-
spiration for the construction of the fiber-wise Hamiltonian skew-product we will
perform in §6.1.
2.8. Rotation set, periodic points and minimality. The following result due
to Handel asserts that the rotation set of a periodic point free homeomorphism has
empty interior:
Theorem 2.8 (Handel [Han89]). Let f P Homeo0pT
2q be such that Perpfq “ H
and f˜ P ČHomeo0pT2q be a lift of f . Then, there exist v P S1 and α P R so that@
f˜npzq ´ z, v
D
n
Ñ α, as nÑ8,
where the convergence in uniform in z P R2. In other words, the rotation set
ρpf˜q Ă ℓvα, where the straight line ℓ
v
α is given by (5).
The following result due to Franks will play a fundamental role in our work:
Theorem 2.9 (Franks [Fra95]). If f˜ P ČSymp0pT2q and Fluxpf˜q “ pp1{q, p2{qq P Q2,
then there exists z P R2 such that
f˜ qpzq “ z ` pp1, p2q.
In particular, πpzq P Perpπf˜q.
Every probability measure which is invariant under a minimal homeomorphism
is necessarily a topological measure. Hence, as a straightforward consequence of
Theorems 2.3 and 2.9, we get the following
MINIMAL HOMEOMORPHISMS OF T
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Corollary 2.10. If f P Homeo0pT
2q is minimal and f˜ P ČHomeo0pT2q is a lift of f ,
then
ρpf˜q XQ2 “ H.
2.9. Classification of plane fixed points. Let V, V 1 Ă R2 be two non-empty
open sets and let f : V Ñ V 1 be a homeomorphism. Following the terminology of
Le Calvez [LC03], a fixed point z0 P Fixpfq is said to be:
‚ isolated when it is an isolated point of the set Fixpfq;
‚ accumulated when every neighborhood of z0 contains a periodic orbit of f
different from z0;
‚ dissipative when z0 admits a local basis pUnqně0 of neighborhoods such
that fpBUnq X BUn “ H, for every n ě 0, i.e. each neighborhood is either
attractive or repulsive;
‚ indifferent when there exists a neighborhood W of z0 such that W Ă V
and for every Jordan domain U ĂW which is a neighborhood of z0 it holds
cc
`
If pUq, z0
˘
X BU ‰ H,
where If pUq denotes the maximal f -invariant subset of U given by (2).
2.10. Fixed point indexes. If f : V Ñ V 1 is as in §2.9, and γ : S1 Ñ V is a Jordan
curve such that γpS1qXFixpfq “ H, then one defines the index of f along γ as the
integer
ipf, γq :“ deg
ˆ
S1 Q t ÞÑ
fpγptqq ´ γptq
}fpγptqq ´ γptq}
P S1
˙
,
where degp¨q denotes the topological degree.
When z0 P Fixpfq is isolated, then one can define the index of f at z0 as
ipf, z0q :“ ipf, BUq,
where U denotes any Jordan domain satisfying U Ă V and U X Fixpfq “ tz0u.
Since this index does not depend on the choice of U , this notion is well-defined.
We will need the following topological version of Leau-Fatou’s flower theorem
due to Le Calvez [LC99], that has been lately improved by Le Roux [LR04]:
Theorem 2.11. Let us suppose f : V Ñ V 1 is an orientation-preserving homeo-
morphism and z0 P Fixpfq is an isolated fixed point such that ipf, z0q ě 2. Then
there exist two open non-empty subsets W`,W´ Ă V ztz0u such that
(i) fnpW`q is well-defined for every n ě 0, fmpW`qXfnpW`q “ H whenever m
and n are different non-negative integers and ωfpzq “ tz0u, for every z PW
`;
(ii) f´npW´q is well-defined for every n ě 0, f´mpW´q X f´npW´q “ H when-
ever m and n are different non-negative integers and αf pzq “ tz0u, for every
z PW´;
where αf and ωf denote the α- and ω-limit sets, respectively.
The following result about indexes of iterates of non-accumulated fixed points is
due to Le Calvez and Yoccoz [LCY] but its proof has never been published (see for
instance [LC03, Proposition 3.3]):
Theorem 2.12. If f is an orientation-preserving homeomorphism and z0 P Fixpfq
is isolated, non accumulated, non indifferent and non-dissipative, then there exist
integers q ě 1 and r ě 1 such that#
ipfk, z0q “ 1, if k R qZ;
ipfk, z0q “ 1´ rq, if k P qZ.
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2.11. Minimal homeomorphisms. In this paragraph we recall some classical and
elementary results about minimal homeomorphisms that we shall frequently use all
along the paper.
We say that a subset A Ă Z has bounded gaps if there exists N P N such that
(13) AX tn, n` 1, . . . , n`Nu ‰ H, @n P Z.
The minimum natural number N such that (13) holds shall be denoted by G pAq.
The following three results are very well-known, but we decided to include them
here just for the sake of reference:
Proposition 2.13. If pX, dq is a compact metric space and f : X ý is a minimal
homeomorphism, then for every non-empty open set U Ă X and any x P X, the
visiting time set
τpx, U, fq :“ tn P Z : fnpxq P Uu
has bounded gaps.
As a consequence of this result, one can easily show the following:
Corollary 2.14. For every α P Td, any x P Td and any neighborhood V Ă Td of
x, the visiting time set τpx, V, Tαq has bounded gaps.
Proposition 2.15. If pX, dq is a connected compact metric space and f : X ý is
a minimal homeomorphism, then fn is minimal for every n P Zzt0u.
The last result we recall here is due to Gottschalk and Hedlund and deals with
cohomological equations:
Theorem 2.16 (Gottschalk, Hedlund [GH55]). Let X be a compact metric space
and f : X ý be a minimal homeomorphism. Let φ : X Ñ R be a continuous function
and assume there exists x0 P X such that
sup
nPN
∣
∣
∣
∣
∣
n´1ÿ
j“0
φ
`
f jpx0q
˘∣∣∣
∣
∣
ă 8.
Then, there exists a continuous function u : X Ñ R such that u ˝ f ´ u “ φ. In
particular,
sup
nPN
∣
∣
∣
∣
∣
n´1ÿ
j“0
φ
`
f jpxq
˘∣∣∣
∣
∣
ď 2 }u}C0 ă 8, @x P X.
3. An ergodic deviation result
This section is devoted to prove an abstract ergodic deviation theorem that will
play a key role in §7. Even though this result might be already known to some
experts, we were not able to find any reference in the literature and thus we have
decided to include its proof here.
Theorem 3.1. Let pX,B, µq be a probability space, f : pX,B, µq ý an ergodic
automorphism and φ P L1pX,B, µq such that
ş
X
φ dµ “ 0. Let us suppose that
(14) sup
ně0
Snf φpxq “ `8, and inf
ně0
Snf φpxq ą ´8,
for µ-a.e. x P X, where Snf φ denotes the Birkhoff sum given by (7).
Then, it holds
sup
nď0
Snf φpxq “ `8, and inf
nď0
Snf φpxq ą ´8,
for µ-a.e. x P X.
To prove Theorem 3.1, first we need a lemma which is a simple consequence of
Theorem 2.2:
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Lemma 3.2. Let pX,B, µq, f and φ be as in Theorem 3.1 and let us assume there
exists M ą 0 such that
(15) sup
nPN
Snf φpxq ăM, for µ-a.e. x P X.
Then, it holds
(16) inf
nPN
Snf φpxq ě ´M, for µ-a.e. x P X.
Proof of Lemma 3.2. Let us suppose (16) is false. So, if we define
Amn :“
 
x P X : Smf φpxq ď ´M ´ 1{n
(
,
for each m,n ě 1, we have µ
´Ť
m,ně1Am,n
¯
ą 0. Then, there exist N,n ě 1 such
that the set A :“ ANn satisfies µpAq ą 0 and
(17) SNf φpxq ď ´M ´
1
n
, @x P A.
Now, let us consider the skew-product F : X ˆ R ý given by (8) and define
the set A˜ :“ A ˆ r´1{2n, 1{2ns Ă X ˆ R. Since µ b LebpA˜q “ n´1µpAq ą 0, by
Theorem 2.2 we know there exists k ě 1 such that µb Leb
`
A˜X F´kpA˜q
˘
ą 0. By
classical arguments in ergodic theory, this implies there exists a sequence kj Ñ `8
such that
µb Leb
`
A˜X F´kj pA˜q
˘
ą 0, @j P N.
This is equivalent to say that the set
Bj :“
"
x P A : fkj pxq P A,
∣
∣
∣S
kj
f φpxq
∣
∣
∣ ď
1
n
*
has positive µ-measure, for every j.
Now, choosing j large enough in order to have kj ą N , and combining this with
(17), we get
S
kj´N
f
`
fN pxq
˘
“ S
kj
f pxq ´ S
N
f pxq ą ´
1
n
`M `
1
n
“M,
for µ-a.e. x P Bj . Since µpBjq ą 0, this contradicts (15). 
Proof of Theorem 3.1. Of course we can assume |φpxq| ă 8, for every x P X . By
(14), there exist K ą 0 and A P B with µpAq ą 0 such that
(18) Snf φpxq ą ´K, @n ě 0,
for µ-a.e. x P A.
Consider the functions τ`A , τ
´
A : X Ñ N0 Y t8u given by
τ`A pxq :“ mintn ě 0 : f
npxq P Au,
τ´A pxq :“ mintn ě 0 : f
´npxq P Au, @x P X.
Since f is ergodic, τ`A and τ
´
A are finite µ-a.e. We also define the first return time
to A by rA :“ τ
`
A ˝ f
ˇˇ
A
` 1.
Now, we consider the probability space pA,BA, µAq given by BA :“ tB P B :
B Ă Au and µA :“ µpAq
´1µ
ˇˇ
A
and the ergodic automorphism fA : pA,BA, µAq ý
given by the first return map:
fApxq :“ f
τ
`
A
pfpxqq
`
fpxq
˘
“ f rApxqpxq,
for µ-a.e. x P A. We also define the function φApxq :“ S
rApxq
f φpxq. Then it holds
φA P L
1pA,BA, µAq and
ş
A
φA dµ “ 0. On the other hand, by (18) we know
(19) SnfAφApxq ą ´K, @n ě 0,
for µA-a.e. x P A.
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Then, applying Lemma 3.2 in this context, we conclude that for µA-a.e. x P A
it holds
(20) SnfAφApxq ď K, @n ě 0.
Now, let us consider the measurable functions M : AÑ R and N : AÑ N0 given
by
(21) Mpxq :“ sup
1ďnďrApxq
Sn´1f φpxq,
and
(22) Npxq :“ inf
 
n ě 0 : n ă rApxq, S
n
f φpxq “Mpxq
(
,
and notice they are well define µ-a.e. x P A.
For each pair pm,nq P Nˆ N0, let us consider the set
Anm :“ tx P A : m ďMpxq ă 8, Npxq “ nu .
Putting together (14) and (20) it follows that
(23) µ
ˆ ď
ně0
Anm
˙
ą 0, @m P N.
By (23), for each m P N there exists nm P N so that µpA
nm
m q ą 0. So, let us
define the set
(24) B :“
č
mPN
č
iě0
ď
jěi
f jpAnmm q.
Since f is an ergodic automorphism, B has full µ-measure.
Now, let us consider an arbitrary point x P B and any m P N. Since Anmm Ă A, it
clearly holds τ´A pxq ă 8. By (24), there exists a natural number j “ jpx,mq ą nm
such that
(25) f´j
`
f´τ
´
A
pxqpxq
˘
P Anmm .
Since both points f´τ
´
A
pxqpxq and f´j
`
f´τ
´
A
pxqpxq
˘
belong to A, there exists jA P N
such that
f
´jA
A
`
f´τ
´
A
pxqpxq
˘
“ f´j
`
f´τ
´
A
pxqpxq
˘
.
Now invoking (19), (21), (22) and (25), we get
S
´τ´
A
pxq´j`nm
f φpxq “ S
´τ´
A
pxq
f φpxq ` S
´j`nm
f φ
`
f´τ
´
A
pxqpxq
˘
“ S
´τ´
A
pxq
f φpxq ` S
´jA
fA
φA
`
f´τ
´
A
pxqpxq
˘
` Snmf φ
´
f
´jA
A
`
f´τ
´
A
pxqpxq
˘¯
ě S
´τ´
A
pxq
f φpxq ´K `m.
(26)
Since m is arbitrary in (26), µpBq “ 1 and j ą nm, we have proved that
sup
nď0
Snf φpxq “ `8, for µ-a.e. x P X.
On the other hand, let us consider the set
C :“
č
iě0
ď
jěi
f jpAq.
Since, f is ergodic, it holds µpCq “ 1.
Now, consider any x P C and any n P N. Thus, τ´A pxq and τ
´
A
`
f´npxq
˘
are both
finite, and both points f´τ
´
A
pxqpxq and f´n´τ
´
A
pf´npxqqpxq belong to A. So, there
exists lA “ lApx, nq P N such that
f lAA
`
f´n´τ
´
A
pf´npxqqpxq
˘
“ f´τ
´
A
pxqpxq.
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Then, we have
S´nf φpxq “ S
´n´τ´
A
pf´npxqq
f φpxq ` S
τ
´
A
pf´npxqq
f φ
`
f´n´τ
´
A
pf´npxqqpxq
˘
ą S
´n´τ´
A
pf´npxqq
f φpxq ´K
“ S
´τ´
A
pxq
f φpxq ´ S
n`τ´
A
pf´npxqq´τ´
A
pxq
f φ
`
f´n´τ
´
A
pf´npxqqpxq
˘
´K
“ S
´τ´
A
pxq
f φpxq ´ S
lA
fA
φA
`
f´n´τ
´
A
pf´npxqqpxq
˘
´K
ě S
´τ´
A
pxq
f φpxq ´ 2K,
where the first inequality follows from (18) and the second one from (20).
From this last estimate, and since µpCq “ 1, it follows that
inf
nď0
Snf φpxq ą ´8, for µ-a.e. x P X.

4. Rotational deviations
In this section we enter into the core of this work: the study of rotational devi-
ations for 2-torus homeomorphisms in the identity isotopy class.
Let us start recalling some definitions we introduced in [KPR17]. Let f : T2 ý
be a homeomorphism homotopic to the identity and f˜ P ČHomeo0pT2q be a lift of f .
Let us suppose there exist v P S1 and α P R such that
(27) ρpf˜q Ă ℓvα “ tαv ` tv
K : t P Ru.
Observe that, by Theorem 2.8, this hypothesis is always satisfied when f is periodic
point free.
We say that a point z0 P T
2 exhibits bounded v-deviations when there exists a
real constant M “Mpz0, fq ą 0 such that
(28)
@
f˜npz˜0q ´ z˜0 ´ nρ, v
D
“
A
∆
pnq
f˜
pz0q, v
E
´ nα ďM, @n P Z,
for any z˜0 P π
´1pz0q, any ρ P ρpf˜q and where ∆f˜ denotes the displacement cocycle
of f˜ given by (9).
Moreover, we say that f exhibits uniformly bounded v-deviation when there exists
M “Mpfq ą 0 such thatA
∆
pnq
f˜
pzq, v
E
´ nα ďM, @z P T2, @n P Z.
Even though the straight lines ℓvα and ℓ
´v
´α coincide as subsets of R
2, there is no
a` priori obvious relation between boundedness of v-deviation and p´vq-deviation,
because in our definition of “bounded v-deviations” given by (28) we are just con-
sidering boundedness from above.
However, we got the following result that relates both v- and p´vq-deviations:
Theorem 4.1 (Corollary 3.2 in [KPR17]). If f P Homeo0pT
2q and f˜ : R2 ý is a lift
of f such that condition (27) holds, then f exhibits uniformly bounded v-deviations
if and only if exhibits uniformly bounded p´vq-deviations.
As a particular case of our definition of boundedness rotational deviations, let
us recall that a homeomorphism f P Homeo0pT
2q is said to be annular (see for
instance [KT14b, JT17]) when there exist a lift f˜ P ČHomeo0pT2q, M ą 0 and v P S1
with rational slope such that
(29)
∣
∣
∣
A
∆
pnq
f˜
pzq, v
E∣
∣
∣ ďM, @z P T2, @n P Z.
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On the other hand, a homeomorphisms f P Homeo0pT
2q is said to be eventually
annular when there exists k P N such that fk is annular.
For the proof of Theorem B we shall need the following
Proposition 4.2. If f P Homeo0pT
2q is a minimal homeomorphism, then it is not
eventually annular.
Proof. By Proposition 2.15, fk is minimal for any k P N. So, it is enough to show
that f is not annular.
Reasoning by contradiction, let us suppose f is annular. Then, there exist a lift
f˜ : R2 ý and v P S1 with rational slope such that
sup
nPZ, zPT2
∣
∣
∣
A
∆
pnq
f˜
pzq, v
E∣
∣
∣ ă 8.
Since v has rational slope, there is no loss of generality assuming v “ p1, 0q. So, by
Theorem 2.16, there exists u P C0pT2,Rq satisfying
(30) pr1 ˝∆f˜ “ u ˝ f ´ u.
Now, let us consider the continuous maps g˜, h˜ : R2 ý given by
g˜px, yq :“
`
x, y ` pr
2
˝∆f˜ px, yq
˘
,
h˜px, yq :“
`
x´ upx, yq, y
˘
,
for every px, yq P R2.
As a consequence of (30), it holds h˜˝ f˜ “ g˜ ˝ h˜, and hence, h ˝ f “ g ˝h, where g
and h are the continuous torus maps whose lifts are g˜ and h˜, respectively. However,
since h is homotopic to the identity, it is surjective and g is clearly not minimal,
contradicting the minimality of f .
So, f is not annular. 
In [KPR17] we proved that boundedness of v-deviations is equivalent to the
existence of certain invariant topological object called torus pseudo-foliations.
4.1. Pseudo-foliations. In this paragraph we recall the notions of plane and torus
pseudo-foliations we introduced in [KPR17].
4.1.1. Plane pseudo-foliations. Let F be a partition of R2. We shay that F is
a plane pseudo-foliation when every atom of F is closed, connected, has empty
interior and disconnects R2 in exactly two connected components.
Given any z P R2, we write Fz for the atom of the partition F containing the
point z. If h : R2 ý is an arbitrary map, we say that F is h-invariant when
h
`
Fz
˘
“ Fhpzq, @z P R
2.
Let us recall the followin result of [KPR17, Propostion 5.1]:
Proposition 4.3. If F is a plane pseudo-foliation, then both connected component
of R2zFz are unbounded, for every z P R
2.
4.1.2. Torus pseudo-foliations. A partition F of T2 is said to be a toral pseudo-
foliation whenever there exists a plane pseudo-foliation ĂF , called the lift of F ,
satisfying
π
´ĂFz¯ “ Fpipzq, @z P R2.
Notice that such a plane pseudo-foliation is Z2-invariant, i.e. ĂF is Tp-invariant for
every p P Z2.
In [KPR17] we have gotten the following result that guaranties the existence of
an asymptotic homological direction for torus pseudo-foliations:
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Theorem 4.4. If ĂF is the lift of torus pseudo-foliation, then there exists v P S1
and M ą 0 such that, it holds
|xw ´ z, vy| ďM, @z P R2, @w P ĂFz .
The vector v given by Theorem 4.4 is unique up to multiplication by p´1q. So,
we will call it the asymptotic direction of either the torus pseudo-foliation F or its
lift ĂF .
One of the main results of [KPR17] is the following
Theorem 4.5 (Theorem 5.5 in [KPR17]). Let f P Homeo0pT
2q be a periodic point
free, area-preserving, non-wandering and non-eventually annular homeomorphism.
If f exhibits uniformly bounded v-deviations, for some v P S1, then there exists an
f -invariant pseudo-foliation whose asymptotic direction is given by vK.
4.2. Rotational deviations for minimal homeomorphisms. In this paragraph
we present some simple results about rotational deviations of minimal homeomor-
phisms. So, from now on let us assume f P Homeo0pT
2q is minimal and f˜ : R2 ý
is a lift of f . By Theorem 2.8 we know there exist v and α such that (27) holds.
The following result is an improvement of Theorem 4.1 under the minimality
assumption:
Proposition 4.6. If f is minimal, f˜ is a lift of f and v and α are such that
condition (27) holds, then the following properties are equivalent:
(i) f does not exhibit uniformly bounded v-deviations;
(ii) f does not exhibit uniformly bounded p´vq-deviations;
(iii) for every z P T2 it holds
sup
ně0
∣
∣
∣
A
∆
pnq
f˜
pzq, v
E
´ nα
∣
∣
∣ “ sup
nď0
∣
∣
∣
A
∆
pnq
f˜
pzq, v
E
´ nα
∣
∣
∣ “ 8.
Proof. This is a straightforward consequence of Theorems 2.16 and 4.1. 
Even though our next result is rather simple, it may be useful in future works:
Theorem 4.7. Let f be a minimal homeomorphism, f˜ be a lift of f and ρ any
point in ρpf˜q. Then for every ε ą 0 there exists δ ą 0 such that for any n P Z
satisfying dpnρ,Z2q ă δ, there is z P R2 such that››f˜npzq ´ z ´ nρ›› ă ε.
Proof. By Theorem 2.6, there exists µ P Mpfq such that ρµpf˜q “ ρ. Since f is
minimal, µ is a topological measure (i.e. has total support and no atoms). So, by
Theorem 2.3, there exists h P HomeopT2q such that h‹Leb2 “ µ. Moreover, after
pre-composing with a linear automorphism of T2 if necessary, we can assume that
h is isotopic to the identity. Then, if h˜ P ČHomeo0pT2q is a lift of h and we write
g˜ :“ h˜´1 ˝ f˜ ˝ h˜, we have g˜ P ČSymp0pT2q and Fluxpg˜q “ ρ.
Observing the displacement function ∆h˜ is Z
2-periodic, and hence, uniformly
continuous, given any ε ą 0 there exists δ ą 0 such that }∆h˜pxq ´∆h˜pyq} ă ε
whenever dT2px, yq ă δ.
On the other hand, T´nρ ˝ g˜
n P ĆHampT2q for every n P Z. So, by Theorem 2.9,
for each n there exists zn P R
2 such that T´nρ ˝ g˜
npznq “ zn. Then,
f˜n
`
h˜pznq
˘
“ h˜pzn ` nρq “ zn ` nρ`∆h˜pzn ` nρq,
and consequently, defining wn :“ h˜pznq we get››f˜npwnq ´ wn ´ nρ›› “ }∆h˜pzn ` nρq ´∆h˜pznq} ă ε,
whenever dpnρ,Z2q ă δ. 
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5. Stable sets at infinity: transverse direction
All along this section f P Homeo0pT
2q will continue to denote a minimal home-
omorphism and f˜ P ČHomeo0pT2q a lift of f . Here we start the study of stable sets
at infinity associated to (certain lifts of) of f . We begin considering stable sets at
infinity with respect to the horizontal direction assuming there exists a lift f˜ such
that the rotation set ρpf˜q intersects the horizontal axis.
We call this “a transverse direction” because, under the hypotheses of Theorem
A, there is no loss of generality assuming ρpf˜q intersects transversely the horizontal
axis, modulo finite iterates, conjugacy and appropriate choice of the lift.
To simplify our notation, in this section we will write u to denote either the
vector p0, 1q or p0,´1q.
Theorem 5.1. Let us suppose that
(31) ρpf˜q X ℓ
p0,1q
0
‰ H.
For each r P R and u P tp0, 1q, p0,´1qu, consider the set
(32) Λur :“ cc
´
If˜
`
Hur
˘
,8
¯
,
where If˜
`
Hur
˘
denotes the maximal invariant set given by (2).
Then, it holds:
(i) Λur “ Tp1,0qpΛ
u
r q and Tp0,1qpΛ
u
r q “ Λ
u
r`1 Ă Λ
u
r , for any r P R;
(ii) Λur X ℓ
u
r ‰ H, for every r P R;
(iii) Λur X Λ
´u
r1 “ H, for every r, r
1 P R;
(iv) given any r and any connected unbounded closed subset Γ Ă Λur , it holds
ΓX ℓus ‰ H, @s ą inft|pr2pzq| : z P Γu;
(v) ď
rPR
Λur “ R
2;
(vi) For each r P R, the set Λur has empty interior and does not disconnect R
2, i.e.
R2zΛur is connected.
Proof. Statement (i) easily follows from the fact that f˜ commutes with every integer
translation and the obvious relation Λur Ă Λ
u
r1 , whenever r ą r
1.
To show (ii), let A denote the open annulus TˆR and consider the covering map
P : R2 Ñ A given by
(33) P px, yq :“
`
πpxq, y
˘
“ px` Z, yq, @px, yq P R2.
Since f˜ commutes with all deck transformations of the covering map P , it induces
a homeomorphism on A; and if we write Aˆ :“ A \ t´8,`8u for the two-end
compactification of the annulus A, this homeomorphism admits a unique extension
to Aˆ. More precisely, one can define fˆ P HomeopAˆq by
fˆpzq :“
$’&’%
`8, if z “ `8;
´8, if z “ ´8;
P
`
f˜pz˜q
˘
, if z P A, z˜ P P´1pzq,
Now, we want to show both fixed points ´8 and `8 are indifferent for fˆ
(according to the classification given in §2.9).
Since f is minimal, it holds Fixpfˆq “ Perpfˆq “ t´8,`8u. In particular, both
fixed points are non-accumulated.
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On the other hand, since Aˆ is homeomorphic to S2 and fˆ is isotopic to the
identity, by Lefschetz fixed point theorem one gets
(34) i
`
fˆn,´8
˘
` i
`
fˆn,`8
˘
“ Lpfˆnq “ χpAˆq “ 2, @n P Zzt0u.
Then, we make the following
Claim 5.2. Fixed point indexes at `8 and ´8 satisfy
(35) i
`
fˆn,˘8
˘
ď 1, @n P Zzt0u.
Since the statement is completely symmetric, we will just prove Claim 5.2 for
the point `8. Let us proceed by contradiction. So, let us start supposing that
ipfˆ ,`8q ě 2. Then, let W` and W´ Ă A denote the open sets given by Theo-
rem 2.11.
Let ν P Mpfq be any ergodic f -invariant measure. We will consider the three
possible cases: pr
2
pρνpf˜qq is either positive, negative or zero. Let us start assuming
pr2pρνpf˜qq ą 0. Then by Birkhoff ergodic theorem, for ν-almost every z P T
2 and
every zˆ P pidˆ πq´1pzq, it holds
(36) fˆ´npzˆq Ñ ´8 P Aˆ, as nÑ `8,
where id ˆ π : A Ñ T2 denotes the natural covering map. Since f is minimal, ν
is a topological measure and hence, there exists a point zˆ P W´ satisfying (36),
contradicting the fact that α
fˆ
pzˆq “ t`8u, for every zˆ PW´.
Analogously, one gets a contradiction assuming pr2
`
ρνpf˜q
˘
ă 0.
So, it just remains to consider the case pr
2
`
ρνpf˜q
˘
“ 0. In such a case, since ν is
an ergodic topological measure, by Theorem 2.2 we know fˆ : Aˆ ý is non-wandering.
But on the other hand, by Theorem 2.11 both sets W` and W´ are wandering for
fˆ , getting a contradiction.
Invoking Proposition 2.15, one can easily adapt the previous reasoning for the
general case, i.e. where ipfˆn,`8q ě 2, with |n| ě 2; and Claim 5.2 is proven.
Now, putting together (34) and (35) we conclude that
(37) i
`
fˆk,´8
˘
“ i
`
fˆk,`8
˘
“ 1, @k P Zzt0u.
By an argument similar to that one we used to prove Claim 5.2, one can show
both fixed points ´8 and `8 are not dissipative (i.e. they are neither attractive
nor repulsive). In fact, arguing by contradiction let us suppose, for instance, `8
has a trapping neighborhood, i.e. there is a bounded open subset V containing
`8 such that fˆpV q Ă V . Following the very same reasoning we invoked to prove
Claim 5.2 one can conclude in this case that it holds
pr2
`
ρνpf˜q
˘
ą 0, @ν PMpfq.
However this last estimate is incompatible with the convexity of ρpf˜q and our hy-
pothesis (31). So, ´8 and `8 are non-dissipative.
Now, combing this last assertion, Theorem 2.12 and (37) we show that `8 and
´8 are indifferent (according to the classification of fixed points given in §2.9). In
other words, if we define
(38) V ˘p0,1qr :“ P
´
H
˘p0,1q
r
¯
\ t˘8u Ă Aˆ,
it can be easily verified that V
˘p0,1q
r is a neighborhood of ˘8 and therefore,
cc
´
I
fˆ
`
V ˘p0,1qr
˘
,˘8
¯
X BV ˘p0,1qr ‰ H, @r P R.
In particular, the set
(39) Λˆ˘p0,1qr :“ P
´1
´
cc
´
I
fˆ
`
V ˘p0,1qr
˘
,˘8
¯
zt˘8u
¯
Ă R2
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intersects the line ℓ
˘p0,1q
r , for every r P R and it clearly holds
(40) Λˆur Ă Λ
u
r , @r P R.
Hence, (ii) is proven.
Assertion (iii) easily follows from Proposition 4.2 and Proposition 4.6. In fact,
let us assume there exists z P Λ
p0,1q
r XΛ
p0,´1q
r1 , for some r, r
1 P R. Then, this implies
r ď pr2
´
∆
pnq
f˜
pzq
¯
“
n´1ÿ
j“0
pr2 ˝∆f˜
`
f˜ jpzq
˘
ď ´r1, @n P N.
So, by Proposition 4.6, f should be annular and by Proposition 4.2, this is incom-
patible with minimality of f .
Then, let us prove (iv) reasoning by contradiction. Let us suppose there exists
a connected closed unbounded set Γ Ă Λur such that Γ X ℓ
u
s “ H, for some real
number s ą inft|pr2pzq| : z P Γu. This means Γ is contained in A
u
r,s, where the strip
Aur,s is given by (6).
By (i) we know that Λur is T1,0-invariant. So,
Γ1 :“
ď
nPZ
T n1,0pΓq Ă Λ
u
r ,
and Γ1 is contained in the interior of Aur,s as well. On the other hand, since Γ is
unbounded, we conclude that Γ1 separates both connected components of the strip
Aur,s. So, if we write Γˆ
1 :“ P pΓ1q and Aˆur,s :“ P pA
u
r,sq, where P : R
2 Ñ A denotes
the covering map given by (33), it holds Γˆ1 Ă Aˆur,s and, when Γˆ
1 is considered as
a compact subset of Aˆ “ A \ t´8,`8u, it separates the circle P pℓus`1q and the
point ´ signpuq8 P Aˆ, where signpuq “ 1, for u “ p0, 1q and signpuq “ ´1, for
u “ p0,´1q.
Putting together the proof of (ii) and this last remark, we conclude that
cc
´
Ifˆ
`
V ´u´s´1
˘
,´ signpuq8
¯
X Γˆ1 ‰ H,
where V ´u´s´1 denotes the neighborhood of ´ signpuq8 given by (38). Now, if z
denotes an arbitrary point of R2 such that P pzq P Ifˆ
`
V ´u´s´1
˘
XΓˆ1 Ă A, we conclude
that
sup
nPZ
∣
∣pr
2
`
f˜npzq
˘∣
∣ ă 8,
and so f is annular, contradicting Proposition 4.2.
Notice that as byproduct of above argument, one gets that equality holds in
inclusion (40).
In order to prove (v), first notice that, as a consequence of (i), the set
Ť
rPR Λ
u
r
is Z2-invariant, i.e. it is Tp-invariant, for every p P Z
2.
On the other hand, since the set Λur is defined as the union of unbounded con-
nected components of an f˜ -invariant closed set, it is f˜ -invariant itself.
So, the set
Ť
rPRΛ
u
r is invariant under the abelian subgroup xf˜ , tTpupPZ2y ă
Homeo`pR
2q which acts minimally on R2. Then,
Ť
rPR Λ
u
r is dense in R
2, as desired.
Last assertion (vi) is a rather straightforward consequence of (iii), (iv) and (v).
In fact, first observe that, combining (iii) and (v) one easily shows that Λur has
empty interior.
On the other hand, if R2zΛur were not connected, then there should exist a
connected component V P π0pR
2zΛur q such that V Ă H
u
r .
By (v), there exists r1 P R such that Λ´ur1 X V ‰ H. If z0 is any point in
Λ´ur1 X V , then by (iv) we know that cc
`
Λ´ur1 , z0
˘
is not contained in the strip
Aur,´r1 . Consequently, the connected set cc
`
Λ´ur1 , z0
˘
is not contained in V . So it
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intersects the boundary of V which is contained in Λur . This contradicts (iii) and
(vi) is proved. 
Let us continue assuming f˜ P ČHomeo0pT2q is a lift of a minimal homeomorphism
f and condition (31) holds. Fixing a real number r, for each z P Λur X ℓ
u
r and every
s ą r we define the set
(41) Γuz psq :“ cc
`
Λur X A
u
r,s, z
˘
,
where the strip Aur,s is given by (6).
As consequence of Theorem 5.1, we get the following result about the geometry
of the sets Γuz psq:
Corollary 5.3. For every r P R and u P tp0, 1q; p0,´1qu the following conditions
are satisfied:
(i) for every z P Λur X ℓ
u
r and any s ą r,
(42) T n
1,0
`
Γuz psq
˘
X Γuz psq “ H, @n P Zzt0u;
(ii) for any s ą r, there exists a real number D “ Dpf, s, rq ą 0 such that
(43) diam
`
pr1
`
Γuz psq
˘˘
ď D, @z P Λur X ℓ
u
r ,
and so, Γuz psq is compact;
(iii) for every U P π0
`
Hur zΛ
u
r
˘
,
(44) T n1,0pUq X U “ H, @n P Zzt0u;
Figure 1. Defining Γuz psq sets
Proof. Let us fix a real numbers s ą r and let z denote an arbitrary point in ΛurXℓ
u
r .
Let us start supposing diamppr1pΓ
u
z psqq is infinite. Then, the set
Γ :“
ď
nPZ
T n
1,0pΓ
u
z psqq
disconnects R2 and since Λur is T1,0-invariant, Γ Ă Λ
u
r . So, Λ
u
r disconnects R
2
contradicting (vi) of Theorem 5.1. So, it holds
(45) diam
´
pr1
`
Γuz psq
˘¯
ă 8, @z P Λur X ℓ
u
r , @s ą r.
Now suppose (42) is false, i.e. there exist z, s and n such that
Tn,0
`
Γuz psq
˘
X Γuz psq ‰ H,
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with n ‰ 0. Then, since Λur is T1,0-invariant, the setď
mPZ
Tmn,0
`
Γuz psq
˘
Ă Λur
is connected, contains Γuz psq and so, it coincides with Γ
u
z psq. Since n ‰ 0, we
conclude diamppr
1
pΓuz psqqq “ 8, contradicting (45).
Property (43) is a straightforwards consequence of (42) and (45). In fact, fixing a
real number s ą r and a point w P Λur X ℓ
u
r , by (45) we know that diamppr1pΓwpsqqq
is finite. Then, given any z P Λur X ℓ
u
r , there exists a unique n P Z such that
pr1 ˝ T
n
1,0pwq ď pr1pzq ă pr1 ˝ T
n`1
1,0 pwq. By (42), T
n
1,0pΓ
u
wpsqq and T
n`1
1,0 pΓ
u
wpsqq are
disjoint. Thus, it holds
diam
´
pr1
`
Γuz psq
˘¯
ď diam
´
pr1
`
Γuwpsq
˘¯
` 2, @z P Λur X ℓ
u
r ,
and (43) is proved.
To prove (44), we first need to introduce some definitions: for each U P π0
`
Hur zΛ
u
r
˘
we define its boundary at level r by
(46) BurU :“ pBU X ℓ
u
r qzΛ
u
r “ pU X ℓ
u
r qzΛ
u
r ,
where BU denotes the boundary of U in R2.
So, the boundary at level r operator satisfies the following property:
Claim 5.4. Every boundary at level r is connected and non-empty. In other words,
the operator
Bur : π0
`
Hur zΛ
u
r
˘
Ñ π0
`
ℓur zΛ
u
r
˘
given by (46) is a well-defined bijection.
To prove our claim, let us consider an arbitrary point z P Λur X ℓ
u
r whose ex-
istence is guaranteed by (ii) of Theorem 6.1 and define Γuz :“ cc
`
Λur , z
˘
. Then,
notice that Γuz disconnects the half-plane H
u
r . In fact, let us consider the one-point
compactification of the plane xR2 :“ R2 \ t8u. Then, the closures pℓur and xΓuz in xR2
are compact and connected, and the points z and 8 belong to both continua. On
the other hand, since Λur does not disconnect R
2 and is T1,0-invariant, then the in-
tersection pℓur XxΓuz cannot be connected. Thus, by Theorem 2.1, pℓur YxΓuz disconnectsxR2 and consequently, Hur zΓuz is not connected. This implies BurU is connected for
every U P π0
`
Hur zΛ
u
r
˘
, and Claim 5.4 is proved.
On the other hand, since Hur , ℓ
u
r and Λ
u
r are T1,0-invariant, we observe the trans-
lation T1,0 naturally acts on π0
`
Hur zΛ
u
r
˘
and, consequently, on π0
`
ℓur zΛ
u
r
˘
, too.
Moreover, it can be easily seen that the following diagram commutes
π0
`
Hur zΛ
u
r
˘ T1,0
//
Bur

π0
`
Hur zΛ
u
r
˘
Bur

π0
`
ℓur zΛ
u
r
˘ T1,0
// π0
`
ℓur zΛ
u
r
˘
,
being the boundary at level r operator Bur bijective. Hence, the actions of T1,0 on
both sets are conjugate and, clearly, there is no periodic orbit for T1,0 : π0
`
ℓur zΛ
u
r
˘
ý.
So, there is no periodic orbit for T1,0 : π0
`
Hur zΛ
u
r
˘
ý either, and (44) is proved. 
The rest of this section is devoted to study the geometry of sets Γuz psq given by
(41), assuming f is not a pseudo-rotation and does not exhibit uniformly bounded
v-deviations. We will show that the connected sets Γuz psq exhibit unbounded oscil-
lations in the v direction, as sÑ `8:
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Theorem 5.5. Let us assume f is minimal and f˜ is a lift of f such that
(47) ρpf˜q XHu
0
‰ H and ρpf˜q XH´u
0
‰ H,
and v and α are such that inclusion (27) holds.
If f does not exhibits uniformly bounded v-deviations, then for every r P R, any
z P Λur X ℓ
u
r and s ą r, it holds
(48) lim
sÑ`8
sup
wPΓuz psq
xw, vy “ `8,
and
(49) lim
sÑ`8
inf
wPΓuz psq
xw, vy “ ´8.
The proof of Theorem 5.5 will follow combing Theorem 3.1 and the following
Lemma 5.6. Under hypotheses of Theorem 5.5, the following holds:
(50) lim
sÑ`8
sup
wPΓuz psq
|xw, vy| “ `8.
Proof of Lemma 5.6. For the sake of simplicity of notation, all along this proof we
shall just write Λ`r and Λ
´
r instead of Λ
p0,1q
r and Λ
p0,´1q
r , and do the same for any
object that depends on the vectors p0, 1q or p0,´1q. Let us fix an arbitrary real
number r. We will just prove (50) for Λ`r . The other case is completely analogous.
By our hypothesis (47) and Theorem 2.5, there exist two ergodic measures
µ`, µ´ PMpfq such that ρµ`pf˜q P H
`
0
and ρµ´pf˜q P H
´
0
.
By Birkhoff ergodic theorem, for µ`-almost every x P T2 and any x˜ P π´1pxq,
it holds pr2pf˜
npx˜qq Ñ `8 and pr2pf˜
´npx˜qq Ñ ´8, as n Ñ `8. Analogously,
for µ´-almost every x P T2 and any x˜ P π´1pxq, it holds pr
2
pf˜npx˜qq Ñ ´8 and
pr2pf˜
´npx˜qq Ñ `8, as nÑ `8. In particular, this implies
µ`
`
πpΛ`r q Y πpΛ
´
r q
˘
“ µ´
`
πpΛ`r q Y πpΛ
´
r q
˘
“ 0.
Then, given any µ`-generic point x` P T2zπpΛ`r q, we can find a point z
` P
π´1px`q such that
(51) pr
2
`
f˜npz`q
˘
ą r ` 2
›››∆f˜ ›››
C0
, @n ě 0.
So we can define
Un :“ cc
`
H`r zΛ
`
r , f˜
npz`q
˘
P π0pH
`
r zΛ
`
r q, @n ě 0.
We claim that the sequence of boundaries at level r, i.e. pB`r pUnqqně0 where B
`
r is
given by (46), exhibits bounded “rotational deviations”. More precisely, we make
the following
Claim 5.7. There exists a constant C ą 0 such that for any sequence of real
numbers panqně0 satisfying
pan, rq P B
`
r pUnq, @n ě 0,
it holds ∣
∣
∣
∣
an ´ n
α
pr1pvq
∣
∣
∣
∣
ď C, @n ě 0.
To prove our claim, first observe that, since we are assuming condition (47), v is
not vertical, i.e. its first coordinate pr1pvq does not vanish.
Since measure µ´ has total support on T2, there is a point w´ P U0 such that
πpw´q is generic with respect to the measure µ´, and consequently, pr2
`
f˜npw´q
˘
Ñ
´8, as n Ñ `8. Since z`, w´ P U0 and U0 is arc-wise connected, there is a
continuous path γ : r0, 1s Ñ U0 connecting w
´ and z`. For n P N sufficiently big,
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f˜npw´q belongs to H´´r and so, there exists tn P r0, 1s such that f˜
n
`
γptnq
˘
P B`r pUnq.
By (27) we know that
1
n
@
f˜n
`
γptnq
˘
´ γptnq, v
D
Ñ α, as nÑ `8.
By Claim 5.4 we know diampB`r pUnqq ď 1 and since both points f˜
n
`
γptnq
˘
and
pan, rq belong to B
`
r pUnq for n sufficiently big, we conclude that
(52) lim
nÑ`8
an
n
“
α
pr1pvq
.
To finish the proof of our claim, we use a classical sub-additive argument: let us
show there exists C ą 0 such that
(53) |am`n ´ am ´ an| ď C, @m,n ě 0.
To prove this, let us define the following total order on π0pH
`
r zΛ
`
r q: given any
V, V 1 P π0pH
`
r zΛ
`
r q, we write
V ă V 1 ðñ pr1pwq ă pr1pw
1q, @w P B`r V, @w
1 P B`r V
1.
For each n ě 0, let us write pn :“ tan ´ a0u P Z, where t¨u denotes the integer
part operator. Then, observe that
T
pn´1
1,0 pU0q ă Un ă T
pn`1
1,0 pU0q, @n ě 0.
Since f˜ commutes with every integer translation, preserves orientation and the
point z` has been chosen such that (51) holds, we have
T
pn´1
1,0 pUmq ă Um`n ă T
pn`1
1,0 pUmq, @m,n ě 0.
In particular, this implies that am ` pn ´ 1 ă am`n ă am ` pn ´ 1 and then,
|am`n ´ am ´ an| ď |a0|` 1, @m,n ě 0.
Then, Claim 5.7 easily follows from (52), (53) and an elementary fact about
sub-additive sequences (see for instance [Nav11, Lemma 2.2.1]).
Continuing with the notation we introduced in the proof of Claim 5.7 and since
we are assuming f exhibits unbounded v-deviations, by piiiq of Proposition 4.6 we
know that for every M ą 0 there exists n “ npMq ě 0 such that
∣
∣
@
f˜npz`q, v
D
´ nα
∣
∣ ąM.
Hence,
∣
∣
@
f˜npz`q ´ pan, rq, v
D∣
∣ ě
∣
∣
@
f˜npz`q, v
D
´ anpr1pvq
∣
∣ ´ |rpr
2
pvq|
ě
∣
∣
@
f˜npz`q, v
D
´ nα
∣
∣´ |pr1pvqC|´ |rpr2pvq|
ěM ´ |pr
1
pvqC|´ |rpr
2
pvq| ,
(54)
where C is the constant given by Claim 5.7.
Finally, estimate (50) easily follows from Corollary 5.3, (54) and the fact that
M is arbitrary. 
Then, Theorem 5.5 will follow combining Theorem 3.1 and Lemma 5.6.
Proof of Theorem 5.5. By Lemma 5.6 we know that, for each u P tp0, 1q, p0,´1qu,
either (48) or (49) holds.
Reasoning by contradiction and for the sake of concreteness, let us suppose that
for every r P R and every z P Λ`r X ℓ
`
r condition (49) does not hold. Notice here we
continue using the notation we introduced in the proof of Lemma 5.6. Analyzing
the argument we used in the proof of Lemma 5.6, this implies that
(55) sup
ně0
A
∆
pnq
f˜
pxq, v
E
´ nα “ `8 and inf
ně0
A
∆
pnq
f˜
pxq, v
E
´ nα ą ´8,
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for µ`-almost every x P T2.
On the other hand, by (iii) of Theorem 5.1 and applying Lemma 5.6 to Λ´r , we
conclude that (49) holds and (48) does not, for any z P Λ´r X ℓ
´
r and every r P R.
However, applying Theorem 3.1 to the ergodic system pf, µ`q and the real func-
tion φ :“
A
∆f˜ , v
E
´ α, and taking into account (55), we conclude that
sup
ně0
A
∆
p´nq
f˜
pxq, v
E
´ nα “ `8 and inf
ně0
A
∆
p´nq
f˜
pxq, v
E
´ nα ą ´8,
for µ`-a.e. x P T2.
Now, taking into account that pr2p∆
p´nq
f˜
pxqq Ñ ´8, as n Ñ `8 and µ`-a.e.
x P T2, we can repeat the argument we used to prove Lemma 5.6 for negative times
and a µ`-generic point to show that (48) holds for the set Λ´r as well. Then, we
have gotten a contradiction and Theorem 5.5 is proved. 
Combining Corollary 5.3 and Theorem 5.5 one can easily strengthen this last
result getting the following
Corollary 5.8. If f , f˜ , v and r are as in Theorem 5.5 and Γ is a closed connected
unbounded subset of Λur , then it holds
´ inf
zPΓ
xz, vy “ sup
zPΓ
xz, vy “ `8.
6. Stable sets at infinity: parallel direction
Our next purpose consists in defining stable sets at infinity with respect to the
same direction of a supporting line of the rotation set. Notice that in the case that
f is not a pseudo-rotation, this direction is unique.
In such a case it might happen that for every lift f˜ of f the supporting line
of ρpf˜q does not pass through the 0 P R2, and therefore, if we naively defined
Λvrpf˜q “ If˜ pH
v
rq, we would get Λ
v
rpf˜q “ H for every f˜ and every r P R.
To overpass this difficulty, we shall use the fiber-wise Hamiltonian skew-product
to define such stable sets at infinity.
6.1. The fiber-wise Hamiltonian skew-product. Since we are assuming f is
minimal, by Theorem 2.3 we do not lose any generality assuming f is area-preserving,
i.e. f P Symp0pT
2q. So, let f˜ P ČSymp0pT2q denotes an arbitrary lift of f .
Then, we define the fiber-wise Hamiltonian skew-product associated to f˜ , which
can be considered as a particular case of the construction performed in [KPR17].
In very rough words the main idea of this construction consists in splitting our
homeomorphism f in a “rotational” part and a “Hamiltonian” or “rotationless”one.
Doing that, the “Hamiltonian” part is responsible by rotational deviations. The
main technical advantage of dealing with such skew-products is that an arbitrary
point exhibits bounded rotational deviations if and only if its orbit is bounded.
This novel object is certainly the main character of this work and will play a
fundamental role in the rest of the paper.
For the sake of simplicity, we fix some notations we shall use until the end of the
paper: we write ρ˜ :“ Fluxpf˜q P R2 and ρ :“ πpρ˜q “ Fluxpfq P T2.
Then we define the map H : T2 Ñ ĆHampT2q by
Ht :“ Adt
`
T´1ρ˜ ˝ f˜
˘
, @t P T2,
where the T2-action Ad is given by (11).
Considering H as a cocycle over the torus translation Tρ : T
2 ý, one defines
the fiber-wise Hamiltonian skew-product associated to f as the map F : T2 ˆR2 ý
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given by
F pt, zq :“
`
Tρptq, Htpzq
˘
, @pt, zq P T2 ˆ R2.
Notice that F depends just on f and not on the chosen lift f˜ .
One can easily show that
F pt, zq “
´
t` ρ, z `∆f˜
`
t` πpzq
˘
´ ρ˜
¯
, @pt, zq P T2 ˆ R2,
where ∆f˜ P C
0pT2,R2q is the displacement function given by (9). We will use the
following usual notation for cocycles: given n P Z and t P T2, we write
H
pnq
t :“
$’&’%
idT2 , if n “ 0;
Ht`pn´1qρ ˝Ht`pn´2qρ ˝ ¨ ¨ ¨ ˝Ht, if n ą 0;
H´1t`nρ ˝ ¨ ¨ ¨ ˝H
´1
t´2ρ ˝H
´1
t´ρ, if n ă 0.
Then one can easily show that
Fnpt, zq “
´
T nρ ptq, H
pnq
t pzq
¯
“
`
t` nρ,Adt
`
T´nρ˜ ˝ f˜
n
˘
pzq
˘
,(56)
for every pt, zq P T2 ˆ R2 and every n P Z.
Hence, if ρpf˜q has empty interior, there exist α P R and v P S1 such that inclusion
(27) holds, and from (56) it easily follows that a point z P R2 exhibits bounded
v-deviations if and only ifA
H
pnq
0
pzq ´ z, v
E
ďM, @n P Z,
where M “Mpz, fq denotes the positive constant given by (28).
6.2. Fibered stable sets at infinity. Continuing with previous notation, let α P
R and v P S1 be such that property (27) holds. Notice that in such a case, xρ˜, vy “ α.
Then, for each r P R and each t P T2 we define the fibered pr, vq-stable set at
infinity by
(57) Λvr
`
f˜ , t
˘
:“ pr2
ˆ
cc
´
ttu ˆ R2 XIF
`
T2 ˆHvr
˘
,8
¯˙
Ă R2,
where Hvr is the semi-plane given by (4), ttu ˆ R
2 is naturally endowed with the
euclidean distance of R2, ccp¨,8q denotes the union of unbounded components as
defined in 2.1, and pr
2
: T2 ˆ R2 Ñ R2 is the projection on the second coordinate.
Let us also define the pr, vq-stable set at infinity as
Λvr
`
f˜
˘
:“
ď
tPT2
ttu ˆ Λvr
`
f˜ , t
˘
Ă T2 ˆ R2.
For the sake of simplicity, if there is no risk of confusion we shall just write Λvrptq
and Λvr instead of Λ
v
r
`
f˜ , t
˘
and Λvr
`
f˜
˘
, respectively.
Now we recall some results of [KPR17]:
Theorem 6.1 (Theorem 3.4 in [KPR17]). For every r P R the set Λvr is non-empty,
closed and F -invariant. Moreover, Λvrptq ‰ H, for every t P T
2.
Analogously, the same assertions hold for the pr,´vq-stable set at infinity.
The following result describes some elementary properties of pr, vq-stable sets at
infinity:
Proposition 6.2 (Proposition 3.6 in [KPR17]). For each t P T2 and any r P R,
the following properties hold:
(i) Λvrptq Ă Λ
v
r1ptq, for every r
1 ă r;
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(ii)
Λvrptq “
č
săr
Λvsptq;
(iii) Λv
r`xt˜,vy
`
t1 ´ π
`
t˜
˘˘
“ Tt˜
`
Λvrpt
1q
˘
, for all t˜ P R2 and every t1 P T2;
(iv) Tp
`
Λvrptq
˘
“ Λv
r`xp,vyptq, for every p P Z
2.
We shall need the following additional regularity result:
Proposition 6.3. Continuing with the same of notation of Proposition 6.2, the
map t Ñ Λvrptq is compactly upper semi-continuous, i.e. if t0 P T and U Ă R
2
is an open set such that Λvrpt0q Ă U and R
2zU is compact, then then there is a
neighborhood W pt0q of t0 in T
2 such that
Λvrptq Ă U, @t PW pt0q.
Proof. This is a straightforward consequence of the very definition of pr, vq-stable
sets at infinity given by (57).
In fact, arguing by contradiction, let us suppose there exists a sequence ttnuně1
of points of T such tn Ñ t0 as nÑ `8 and
Λvrptnq X pR
2zUq ‰ H, @n ě 1.
For each n ě 1, let us consider a point zn P Λ
v
rptnq X pR
2zUq. Since the comple-
ment of U is compact, there exists a sub-sequence tznjujě1 converging to a point
z8 P R
2zU . However, the whole set Λvr is closed in T
2 ˆ R2 and thus, z8 P Λ
v
rpt0q
as well, contradicting the fact that Λvrpt0q Ă U . 
We also need the following
Theorem 6.4 (Theorem 4.1 in [KPR17]). If f P Symp0pT
2q is periodic point free,
i.e. Perpfq “ H, then for every t P T2 the setď
rě0
Λv´rptq
is dense in R2.
As a rather straightforward consequence of Theorems 2.16 and 6.4 we get the
following
Corollary 6.5. If f P Symp0pT
2q is minimal and does not exhibit uniformly
bounded v-deviations, then, for every r P R and any t P T2, the following assertions
hold:
(i) Λvrptq X Λ
´v
r1 ptq “ H, for any r
1 P R;
(ii) Λvrptq has empty interior;
(iii) Λvrptq does not disconnect R
2, i.e. R2zΛvrptq is connected.
Proof. To prove (i) let us start assuming there exists z P Λvrptq X Λ
´v
r1 ptq. Thus,
putting together (56) and (57) we get
r ď
@
T´1
t˜
˝ T´nρ˜ ˝ f˜
n ˝ Tt˜pzq, v
D
ď ´r1, @n P Z, @t˜ P π´1ptq,
and consequently, if we define φ P C0pT2,Rq by φpxq :“
A
∆f˜ pxq, v
E
, then it holds
r ď Snf φ
`
t` πpzq
˘
ď ´r1, @n P Z.
Then, since f is minimal, by Theorem 2.16 we conclude that φ is a continuous
coboundary for f , and hence, f exhibits uniformly bounded v-deviations, contra-
dicting our assumption.
Property (ii) is a straightforward consequence of Theorem 6.4 and property (i).
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Finally, in order to show (iii) let us suppose there exists r P R and t P T such that
Λvrptq disconnects R
2. So, there exists U P π0
`
R2zΛvrptq
˘
such that U X H´v´r “ H.
Then one can easily check that the boundary of U is completely contained in Λvrptq
and thus, U is contained in Λvrptq as well, contradicting property (ii).

6.3. Rotational deviations and the spreading property. From now on and
until the end of this section, we shall assume f P Symp0pT
2q is a minimal homeo-
morphism such that there is a lift f˜ P ČSymp
0
pT2q satisfying
ρ˜ “ Fluxpf˜q “ pρ˜1, 0q P R
2(58)
ρpf˜q XH
p0,1q
0
‰ H and ρpf˜q XH
p0,´1q
0
‰ H.(59)
Notice that, since f is minimal, by Corollary 2.10 we know ρ˜1 P RzQ.
Then, if F : T2ˆR2 ý denotes the fiber-wise Hamiltonian skew-product induced
by f˜ , the closed set Tˆ t0u ˆ R2 Ă T2 ˆ R2 is F -invariant. Making some abuse of
notation and for the sake of simplicity, we shall write F to denote the restriction of
the fiber-wise Hamiltonian skew-product to this set. More precisely, from now on
we have F : Tˆ R2 ý where
F pt, zq “
´
t` ρ1, z `∆f˜
`
pt, 0q ` πpzq
˘
´ pρ˜1, 0q
¯
, @pt, zq P Tˆ R2,
and ρ1 :“ πpρ˜1q.
In a joint work with Koropecki [KK09], we introduced the notion of topological
spreading, which is stronger than topological mixing:
Definition 6.6. A homeomorphism h P HomeopT2q is said to be spreading when
for any lift h˜ P ČHomeopT2q, any R, ε ą 0 and any non-empty open set U Ă R2,
there exists N P N such that for every n ě N , there exists a point zn P R
2 such
that h˜npUq is ε-dense in the ball BRpznq.
Motivated by this notion, we will prove the following theorem which the main
result of this section:
Theorem 6.7. Let us suppose f does not exhibit uniformly bounded v-deviations.
Then, for every pair of non-empty open sets U, V Ă R2, there exists N P N such
that for every t P T it holds
Fn
`
ttu ˆ U
˘
X Tˆ V ‰ H, @n ě N.
We shall divide the proof of Theorem 6.7 in several lemmas. Notice that without
loss of generality we can assume the open set V in Theorem 6.7 is bounded.
Lemma 6.8. There exits r P R such that
Λvrptq X V ‰ H and Λ
´v
r ptq X V ‰ H, @t P T.
Proof. This is a straightforward consequence of Theorem 6.4, properties (i) and (iii)
of Proposition 6.2, and compactness of T. 
From now on we fix a real number r P R such that the conclusion of Lemma 6.8
holds.
Since we are assuming V is bounded and f does no exhibit uniformly bounded
v-deviations, by Theorem 2.1 we know that the set Λvrptq YΛ
´v
r ptq YV disconnects
R2, for every t P T. For the sake of simplicity of notation, for each t P T let us write
Γt :“ Λ
v
rptq Y Λ
´v
r ptq Y V.
Now for each ε ą 0, we define the following set:
Z2pv, εq :“
 
p P Z2 : |xp, vy| ď ε
(
.
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Notice that by (59), we have pr1pvq ‰ 0, i.e. v is not vertical. By classical arguments
about approximations by rational numbers one can easily get the following
Lemma 6.9. For each ε ą 0, there exists N P N such that for every n P Z, there
exist p P tn, n` 1, . . . , n`Nu and p P Z2pv, εq satisfying pr2ppq “ p.
Proof. This easily follows from Corollary 2.14 and the fact that v is not horizontal.

Lemma 6.10. For every t P T2 there exist two connected components W`t ,W
´
t P
π0pR
2zΓtq such that the following property holds: for every z P R
2zΓt, there exist
ε ą 0 and M P N such that
Tppzq PW
`
t , and T
´1
p
pzq PW´t ,
for every p P Z2pv, εq satisfying pr
2
ppq ąM .
Proof. Let z be any point in R2zΓt. By statement (ii) of Proposition 6.2, there
exists ε ą 0 such that z R Λvr´2εptq Y Λ
´v
r´2εptq, and so we can consider the positive
number
δ :“
1
2
d
`
z,Λvr´2εptq Y Λ
´v
r´2εptq
˘
.
Hence, we have
(60) Tp
`
Bδpzq
˘
X
`
Λvrptq Y Λ
´v
r ptq
˘
“ H, @p P Z2pv, εq.
Now, since by Corollary 6.5 the set Λvr´2εptq Y Λ
´v
r´2εptq has empty interior and
does not disconnect R2, for each m P Z2 we can find a continuous path γm : r0, 1s Ñ
R2 such that γmp0q “ z, γmp1q P Tm
`
Bδpzq
˘
and
(61) γmpsq R Λ
v
r´2εptq Y Λ
´v
r´2εptq, @s P r0, 1s.
Let N denote the natural number given by Lemma 6.9 for v and ε as above and
consider the set
A :“
 
p P Z2pv, 2εq : 0 ď pr2ppq ď N
(
.
Since A is a non-empty finite set and V is bounded, we can define the real number
(62) M :“ 1` sup
mPA
sup
sPr0,1s
∣
∣pr
2
`
γmpsq
˘∣
∣` sup
wPV
|pr
2
pwq| ă 8.
Consider any two points m,p P Z2pv, εq satisfying 0 ď pr2ppq´pr2pmq ď N and
pr2pmq ą M . Thus, we have Tm ˝ γp´m is a continuous path connecting Tmpzq
and the ball Tp
`
Bδpzq
˘
; since m P Z2pv, εq and (61) holds, the image of Tm ˝ γp´m
does not intersect Λvrptq YΛ
´v
r ptq; and since p´m P A and pr2pmq ąM , invoking
(62) we conclude that the image of Tm ˝ γp´m does not intersect V either. So, by
(60), Tmpzq and Tppzq belong to the same connected component of R
2zΓt.
Hence, choosing any m P Z2pv, εq satisfying pr2pmq ąM , we can define
W`t :“ cc
`
R2zΓt, Tmpzq
˘
,
and combining the last argument with Lemma 6.9, one can shows that Tppzq PW
`
t ,
for any p P Z2pv, εq such that pr2ppq ąM .
To prove the uniqueness of W`t , let w be any other point in R
2zΓt. Let ε
1 ď ε
be any positive number such that w P R2zpΛvr´2ε1ptq Y Λ
´v
r´2ε1ptqq. So, since by
Corollary 6.5 the set Λvr´2ε1ptqYΛ
´v
r´2ε1ptq does not disconnect R
2, then there exists
a continuous path γ : r0, 1s Ñ R2 such that γp0q “ w, γp1q “ z and
γpsq R Λvr´2ε1ptq Y Λ
´v
r´2ε1ptq, @s P r0, 1s.
So, the image of Tp ˝ γ does not intersect Λ
v
rptq YΛ
´v
r ptq, for any p P Z
2pv, ε1q, and
does not intersect V either, provided pr2ppq is sufficiently large. Thus, Tppwq PW
`
t
for such a p and uniqueness of W`t is proven.
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Finally, defining W´t :“ cc
`
R2zΓt, T
´1
m
pzq
˘
for m as above, one can easily show
that analogous properties hold. 
In order to finish the proof of Theorem 6.7, we fix a non-empty open set U Ă R2.
Without loss of generality we can assume that U is bounded, connected and
(63) U X
`
Λvrp0q Y Λ
´v
r p0q
˘
“ H,
where r is the real number we fixed after Lemma 6.8. Since U is compact and
Λvr Y Λ
´v
r is contained in R
2zU , by Proposition 6.3 we know the maps t ÞÑ Λvrptq
and t ÞÑ Λ´vr ptq are both compactly upper semi-continuous. Thus, there is η ą 0
such that
(64) Bηp0q ˆ U X
`
Λvr Y Λ
´v
r
˘
“ H,
where Bηp0q denotes the η-ball centered at 0 P T with respect to the distance dT.
Now, by minimality of f and recalling that ρ1 “ πpρ˜1q where ρ˜1 P RzQ, there
exists k ě 1 such that
(65)
kď
i“0
f i
`
πpUq
˘
“ T2, and
kď
i“0
T iρ1
`
Bηp0q
˘
“ T.
Let us define
U :“
kď
i“0
F ipBηp0q ˆ Uq Ă Tˆ R
2,
and for every t P T, let us write
U ptq :“ pr
2
`
U X ttu ˆ R2
˘
Ă R2.
Notice that, by (64), U X pΛvr YΛ
´v
r q “ H. So, by (ii) of Proposition 6.2, there
exists ε ą 0 such that
U ptqε X
`
Λvr´2εptq Y Λ
´v
r´2εptq
˘
“ H, @t P T,
where p¨qε denotes the ε-neighborhood given by (3).
On the other hand, by our hypothesis (59) there exists ρ˜` P ρpf˜q such that
pr2pρ˜
`q ą 0. So, let δ be a positive number given by Theorem 4.7 for f , ρ˜` and
ε{2. Without loss of generality we can assume δ ă mintη, ε
4
u, where η was chosen
in (64).
Now, consider the translation T :“ Tρ1,piρ˜` : T ˆ T
2 “ T3 ý and the visiting
time set τ :“ τp0, Bδp0q, T q defined in Corollary 2.14.
Then, by Theorem 4.7 and (65) we get that, for each n P τ there exist zn P U ,
jn P t0, 1, . . . , ku, pn P Z
2 and qn P Z such that }pn ´ nρ˜
`} ă δ, |qn ´ nρ˜1| ă δ and››f˜n`f˜ jnpznq˘´ f˜ jnpznq ´ nρ˜`›› ă ε
2
,
or equivalently,
(66) Fn
`
F jnp0, znq
˘
P tpjn ` nqρ1u ˆ T
´1
qn,0
˝ TpnpU pjnρ1qεq.
Observe that
|xv,pn ´ pqn, 0qy| “
∣
∣
@
v,pn ´ nρ˜
` ` npρ˜1, 0q ´ pqn, 0q
D∣
∣
ď
∣
∣
@
v,pn ´ nρ˜
`
D∣
∣` |xv, npρ˜1, 0q ´ pqn, 0qy| ď 2δ ă
ε
2
.
(67)
So, in particular, this implies pn ´ pqn, 0q P Z
2pv, εq.
Then observe that since we are assuming U is connected, U ptqε has finitely
many connected components for every t P T, and then we can apply Lemma 6.10
to conclude there exists M ą 0 such that
(68) F i
´
ttu ˆ Tp
`
U ptqε
˘¯
Ă tt` iρ1u ˆW
`
t`iρ1
,
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for every p P Z2pv, εq satisfying pr2ppq ą M , any t P T and every 0 ď i ď
maxtk,G pτqu, where G pτq denotes the maximum length gap of τ , just defined after
(13).
Putting together (66), (67) and (68), and observing U is open, we conclude there
is a positive number η`
0
ą 0 such that fixing any N`
0
P τ verifying pr
2
pp
N
`
0
q ąM ,
where p
N
`
0
P Z2 is chosen as above, it holds
(69) Fmpttu ˆ Uq Ă tt`mρ1u ˆW
`
mρ1
, @m ě N`
0
, @t P Bη0p0q.
Analogously, one may prove a similar statement for some ρ˜´ P ρpf˜qXH´
0
, showing
that there exist η´
0
ą 0 and N´
0
P N such that
(70) Fmpttu ˆ Uq Ă tt`mρ1u ˆW
´
mρ1
, @m ě N´
0
, @t P Bη0p0q.
Putting together, (63), (69) and (70) we can conclude that
(71) Fmpttu ˆ Uq X
`
tt`mρ1u ˆ V
˘
‰ H, @m ě N0, @t P Bη0p0q,
where N0 :“ maxtN
`
0
, N´
0
u and η0 :“ mintη
´
0
, η`
0
u.
Then, invoking property (56) one can repeat above argument to show that prop-
erty (71) in fact holds for any s in T, i.e. given any s P T, there exist ηs ą 0 and
Ns P N such that
Fmpttu ˆ Uq X
`
tt`mρ1u ˆ V
˘
‰ H, @m ě Ns, @t P Bηspsq.
Finally, by compactness of T there are points s1, s2, . . . sr P T such that
rď
j“1
Bηsj psjq “ T.
Defining N :“ maxtNsj : 1 ď j ď ru, one can easily verify that the conclusion of
Theorem 6.7 holds for any n ě N .
7. Proof of Theorem A
In this section we finish the proof of Theorem A. To do this let us suppose f
does not exhibit uniformly bounded v-deviations. By Proposition 2.4, Theorem 2.3
and Proposition 2.15 there is no loss of generality if we assume that f is a minimal
symplectic homeomorphism and admits a lift f˜ P ČSymp0pT2q satisfying
ρpf˜q XH
p0,1q
0
‰ H, and ρpf˜q XH
p0,´1q
0
‰ H,
and where Fluxpf˜q “ pρ˜1, 0q, for some ρ˜1 P R. Notice that by Corollary 2.10, ρ˜1 is
irrational.
So, we can define the fiber-wise Hamiltonian skew-product F : T ˆ R2 ý as in
§6.3.
By analogy with (32), for each r P R and u P tp0, 1q, p0,´1qu we define the stable
set at infinity
(72) Λur
`
t
˘
:“ pr
2
ˆ
cc
´
ttu ˆ R2 XIF
`
T2 ˆHur
˘
,8
¯˙
Ă R2.
One can easily see that stable sets at infinity defined by (32) and (72) are very
close related and, in fact,
Λur ptq “ T
´1
t˜,0
pΛur q, @t˜ P π
´1ptq, @r P R.
In particular, this implies that all topological and geometric results we proved in
Theorems 5.1 and 5.5, and Corollary 5.3 for the sets Λur continue to hold mutatis
mutandis for the new ones Λur ptq.
Then we have the following
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Proposition 7.1. If f does not exhibit uniformly v-deviations, then
Λp0,1qr ptq X Λ
v
sptq “ H,
for every r, s P R and any t P T.
Proof. Arguing by contradiction, let us suppose there exist r, s P R and t P T such
that C :“ Λ
p0,1q
r ptq X Λvsptq ‰ H. We claim that, in such a case, every connected
component of C is bounded in R2. In order to prove our claim, let us suppose there
exists an unbounded closed connected component Γ P π0pCq.
Since Γ is contained in Λ
p0,1q
r ptq, invoking (iv) of Theorem 5.1 we know that Γ
is “vertically unbounded”, i.e. it is not contained in any horizontal strip. On the
other hand, since Γ Ă Λvsptq Ă H
v
s , we get that
xz, vy ě s, @z P Γ,
which contradicts Corollary 5.8.
So, every connected component of C is bounded in R2. Invoking Theorem 2.1
and taking into account that Λ
p0,1q
r ptq Y Λvsptq is unbounded, we conclude that
Λ
p0,1q
r ptqYΛvsptq should disconnect R
2. Now let us consider two different connected
components V1 and V2 of R
2z
´
Λ
p0,1q
r ptq Y Λvsptq
¯
, and let U Ă R2 be a non-empty
connected open set and ε ą 0 such that
U X
´
Λur pt
1q Y Λvspt
1q
¯
“ H,
for t1 P T satisfying dTp0, t
1q ă ε.
Then, invoking Theorem 6.7 we know that there is a natural number N such
that
Fn
`
Bεp0q ˆ U
˘
X Tˆ Vi ‰ H,
for every i “ 1, 2 and every n ě N . In particular, there is some n0 ě N and
t1 P Bεp0q such that R
n0
ρ1
pt1q “ t and Fn0ptt1u ˆUq intersects ttu ˆ V1 and ttu ˆ V2,
and therefore, intersects ttuˆ
`
Λ
p0,1q
r ptqYΛvsptq
˘
as well, getting a contradiction. 
Now, by Proposition 7.1, given any r P R and any z P Λvrp0q, we can define the
set
Us :“ cc
´
Hp0,1qs zΛ
p0,1q
s ptq, z
¯
, @s ă pr2pzq.
Since Λvrptq Ă H
v
r and is connected, combining Theorem 5.5 and Proposition 7.1 we
conclude that
(73) Λvrptq X BspUsq, @s ă pr2pzq,
where Bs denotes the boundary operator as level s given by (46).
However, Theorem 5.5 also implies that there is some s0 ă pr2pzq such that
(74) Bs0pUs0q Ă H
´v
´r .
Since Λvrptq Ă H
v
r , we see that (73) and (74) cannot simultaneously hold, and
Theorem A is proved.
8. Proof of Theorem B
Let us suppose there exists a minimal homeomorphism f P Homeo0pT
2q such that
its rotation set is a non-degenerate rational slope segment. Then, by Theorem A
we know that if f˜ : R2 ý denotes a lift of f , then there exist v P S1 with rational
slope and α P RzQ such that condition (1) holds.
On the other hand, as a straightforward consequence of Theorem 2.16 one can
show that f is a topological extension of an irrational circle rotation (see [J0¨9b,
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Proposition 2.1] for details). But this contradicts the following result due to Ko-
ropecki, Passaggi and Sambarino [KPS16, Theorem I]:
Theorem 8.1. If f P Homeo0pT
2q is a topological extension of an irrational circle
rotation, then f is a pseudo-rotation.
9. Proof of Theorem C
Let v P S1 and α P R such that ρpf˜q Ă ℓvα. By Theorem A we know that f
exhibits uniformly bounded v-deviations. On the other hand, invoking Theorem B
we conclude v has irrational slope.
Then, the first step of proof consists in showing the existence of an f -invariant
torus pseudo-foliation (see §4.1 for definitions). Since f is minimal, by Theorem 2.3
there is no loss of generality assuming it is area-preserving, and by Proposition 4.2,
f is not eventually annular. So we can invoke Theorem 4.5 to conclude f leaves
invariant a torus pseudo-foliation F . Let ĂF denote its lift to R2.
In order to study some topological and geometric properties of ĂF , let us recall
some simple steps of its construction from [KPR17]. Since f exhibits uniformly
bounded v-deviations, by [KPR17, Corollary 3.2], there exists a constant C ą 0
such that every pr, vq-stable set at infinity given by (57) satisfies
Hvr`C Ă Λ
v
rp0q, @r P R.
So, for each r P R, we define the open set Ur :“ cc
´
int
`
Λvrp0q
˘
,Hvr`C
¯
; and then,
we consider the function H : R2 Ñ R given by
(75) Hpzq :“ suptr P R : z P Uru, @z P R
2.
In the proof of [KPR17, Theorem 5.5], we showed that
(76) H
`
f˜pzq
˘
“ Hpzq ` α, @z P R2,
and then we defined the pseudo-leaves (i.e. the atoms of the partition ĂF ) byĂFz :“ H´1`Hpzq˘, @z P R2.
In general the function H is just semi-continuous, but under our minimality
assumtion, we will show it is indeed continuous. In fact, let φ : T2 Ñ R be given by
(77) φpzq :“
A
∆f˜ pzq, v
E
´ α, @z P T2.
Since f exhibits uniformly bounded v-deviations, invoking Theorem 2.16 we know
there is u P C0pT2,Rq satisfying
(78) φ “ u ˝ f ´ u.
However, putting together (57), (75) and (77) one can show that the function
u1 : R2 Ñ R given by
u1pzq :“ xz, vy ´Hpzq, @z P R2,
is semi-continuous, Z2-periodic and satisfies φ “ u1 ˝ f ´ u1, as well. By minimality
and classical arguments on semi-continuous functions, we have that u ´ u1 is a
constant, and thus, u1 is continuous. Consequently, function H given by (75) is
continuous as well.
So, for simplicity from now on we can assume that functions H and u given by
(75) and (78), respectively, satisfy
(79) Hpzq “ xz, vy ´ upzq, @z P R2,
where u P C0pT2,Rq.
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In order to complete the proof of Theorem C, let U, V Ă T2 be two non-empty
open subsets. We want to show there exists N P N such that fnpUqXV ‰ H, for all
n ě N . Without loss of generality we can assume both of them are connected and
inessential. Let U˜ , V˜ Ă R2 be two connected components of π´1pUq and π´1pV q,
respectively.
Since pseudo-leaves of ĂF have empty interior, there exist two points z0, z1 P V˜
such that Hpz0q ă Hpz1q; let us write δ :“ 1{2
`
Hpz1q ´ Hpz0q
˘
. Notice that for
every z P R2 satisfyingHpz0q ă Hpzq ă Hpz1q, the corresponding pseudo-leaves ĂFz
separates the points z1 and z2 in R
2, i.e. the connected components cc
`
R2zĂFz, z0˘
and cc
`
R2zĂFz , z1˘ are different. In particular, the pseudo-leaves ĂFz must intersect
the connected set V˜ .
On the other hand, by compactness, there exists a finite set tp1,p2, . . . ,pku Ă Z
2
satisfying the following property: for every z P r0, 1s2, there is 1 ď nz ď k such
that the pseudo-leaf H´1
`
r
˘
intersects Tpnz pV˜ q, for every r P pHpzq´ δ,Hpzq` δq,
and moreover, it separates the points Tpnr pz0q and Tpnr pz1q in R
2.
Since every set of the formH´1pr´δ, r`δq is arc-wise connected, by compactness
there exists a real number M ą 0 such that for every z P r0, 1s2 and any continuous
arc γ : r0, 1s Ñ R2 such that
(80) γptq P H´1
`
Hpzq ´ δ,Hpzq ` δ
˘
, @t P r0, 1s,
and
(81) min
tPr0,1s
pr2 ˝ γptq ă ´M ăM ă max
tPr0,1s
pr2 ˝ γptq,
there exists tz P r0, 1s such that γptzq P Tpnz pV˜ q.
Now, let z be an arbitrary point of U˜ , and write r :“ Hpzq and
(82) U˜z :“ cc
`
U˜ XH´1pr ´ δ, r ` δq, z
˘
.
Since we are assuming the rotation set ρpf˜q is an irrational slope segment, there
exists two f -invariant Borel probability measures µ and ν such that pr
2
`
ρµpf˜q
˘
‰
pr2
`
ρνpf˜q
˘
. By minimality of f , µ and ν have total support, and this means there
exist two points zµ, zν P Uz such that
(83)
f˜npzµq ´ zµ
n
Ñ ρµpf˜q, and
f˜npzνq ´ zν
n
Ñ ρνpf˜q,
as nÑ8.
By (82), U˜z is arc-wise connected. So, there is a continuous curve η P r0, 1s Ñ U˜z
such that ηp0q “ zµ and ηp1q “ zν . Then, by (83) we conclude there exists a natural
number NM such that
(84)
∣
∣pr2 ˝ f˜
n
`
γp0q
˘
´ pr2 ˝ f˜
n
`
γp1q
˘∣
∣ ą 2M, @n ě NM ,
where M is the positive real constant invoked in (81).
Observing that, by (76) and (82), one has
f˜n
`
U˜z
˘
“ cc
´
f˜npU˜q XH´1pr ` nα´ δ, r ` nα` δq, f˜npzq
¯
, @n P Z.
This implies that, putting together (80), (81) and (84) one can conclude that, for
each n ě NM there exists qn P Z
2 and in P t1, . . . , ku such that
Tqn ˝ f˜ ˝ γr0, 1s X Tpin
`
V˜
˘
‰ H, @n ě NM ,
and this proves f is topologically mixing, because the image is of γ is completely
contained in U˜ .
In order to show that ℓvαXQ
2 “ H, we invoke a recent result of Beguin, Crovisier
and Le Roux [BCLR17] which extends a previous one due to Kwapisz [Kwa02]. In
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fact, if there is any rational point on ℓvα, one can show that f is flow equivalent
to a homeomorphism g P Homeo0pT
2q such that ρpg˜q is a vertical line segment,
for any lift g˜ : R2 ý of g (see [Kwa02, §§2,3] and [BCLR17] for details). Since
minimality is preserved under flow equivalence, we conclude that g is a minimal
homeomorphism and its rotation set is a non-degenerate rational slope segment,
contradicting Theorem B.
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